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FOREWORD

The Self-Learning Material (SLM) is written with the aim of providing simple
and organized study content to all the learners. The SLMs are prepared on the
framework of being mutually cohesive, internally consistent and structured as
per the university’s syllabi. It is a humble attempt to give glimpses of the
various approaches and dimensions to the topic of study and to kindle the

learner’s interest to the subject

We have tried to put together information from various sources into this book
that has been written in an engaging style with interesting and relevant
examples. It introduces you to the insights of subject concepts and theories and

presents them in a way that is easy to understand and comprehend.

We always believe in continuous improvement and would periodically update
the content in the very interest of the learners. It may be added that despite
enormous efforts and coordination, there is every possibility for some omission
or inadequacy in few areas or topics, which would definitely be rectified in

future.

We hope you enjoy learning from this book and the experience truly enrich

your learning and help you to advance in your career and future endeavours.
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8.0 OBJECTIVES

After studying this unit , you should be able to:
e Understand about Geometry
e Euclidean Spaces
e Cartesian Coordinate Systems

e Linear Diffrential Equations

8.1 INTRODUCTION

Differential geometry arose and developed as a result of and in
connection to the mathematical analysis of curves and surfaces
Mathematical analysis of curves and surfaces had been developed to
answer some of unanswered questions that appeared in calculus like the
reasons for relationships between complex shapes and curves , series and
analytic functions Geometry , Euclidean Spaces , Cartesian Coordinate
Systems , Linear Diffrential Equations
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8.2 GEOMETRY

Affine Geometry... Affine Spaces

In traditional axiomatic treatment of Euclidean geometry , vectors are
defined as equivalence classes of ordered pairs of points ( also called
directed seg - ments ) . If X is the set of points of the space , then an
ordered pair of points is simply an element of the Cartesian product X x
X.If(A,B) G Xx Xisan ordered pair of points , then A is called the
initial point , and B is called the endpoint of the ordered pair . The
ordered pairs of points (A, B)and (C, D) are said to be equivalent if
the midpoint of the segment [A , D] coincides with the midpoint of the
segment [B, C] . It can be shown that this is indeed an equivalence
relation . The equivalence classes are called ( free ) vectors . The set V of
all vectors is equipped with a linear space structure . The sum of two
vectors is constructed by the triangle or parallelogram rule ,
multiplication by scalars is defined in the usual way . The map $: X x X
AV, which assigns to each ordered pair of points (A, B) the vector $ (
A, B)=aBrepresented by it,i.e., its equivalence class, satisfies the

following properties .

(Al)Forany AG Xandv GV thereisaunique BG Xsuchthat T (A
,B)=v.

(A2) (Triangle rule .) For any three points A, B, C G X, we have T
(A,B)+T(B,C)=T(A,C).

The construction of the sum of two vectors by the triangle and the

parallelogram rule .
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The notion of an affine space generalizes this picture .

Definition . An affine space isatriple A=(X,V,T), where Xis a set
, the elements of which are called points , V is a linear space , the
elements of which are called vectors , and T: X x X~V is a map
satisfying conditions ( A1) and ( A2 ) above . The dimension of the

affine space A is the ( linear algebraic ) dimension of the linear space V .

When it leads to no confusion, T (A, B) is also denoted by aB .

Definition Let A=(X,V,T)andB=(Y,W, T) be two affine spaces
. Then an affine transformation from A to B consists ofamap T: XY
and a linear map L: V A W such that

L(T(A,B))=T(T(A),T(B))forallA,BGX.
Observe that since T is surjective , T determines L uniquely by

Affine spaces form a category in which the morphisms are the affine
trans - formations . An affine transformation is an isomorphism if and

only if T is a bijection .

Example . Let V be an arbitrary linear space , X =V, and define T: X X
XA VbyT(p,q)=qg-p.Then AV =(X,V, T)is an affine space .
Thus , every linear space carries an affine space structure . If V. and W
are linear spaces , then an affine transformation from AV to AW has the
formT (v)=L(v)+wo,whereL: V"W isalinear map , w0 G W is

a fixed vector .

Linear spaces and affine spaces are very similar objects . The main
difference is that in a linear space , we always have a distinguished point
, the origin O, whereas in an affine space , none of the points of X is
distinguished . This is essentially the only difference , because if we
choose any of the points of X for the origin , we can turn X into a linear

space isomorphic to V .

Indeed , choose a point O G X . By the first axiom ( A1) of an affine
space,themap TO: XAV, TO(P)=T (0O, P) is a bijection between
X and V, and we have
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T(A,B)=To(B) -To(A)

by ( A2) . This identity means that TO together with the linear map L =
idV is an isomorphism between the affine space A= (X, V, T ) and the

affine space Av .

The vector To (P ) is called the position vector of A from the base point
O . Identification of points of an affine space with vectors with the help

of a fixed base point O is called vectorization of the affine space .
Affine Subspaces

Definition . A nonempty subset Y C X of the point set of an affine space
A=(X,V,T)isan affine subspace of Aiftheimage T (Y xY)=W
of Y x Y under T is a linear subspace of Vand (Y , W, T|[YXY )isan
affine space . W is called the direction space of the affine subspace , its
elements are the direction vectors of Y , or the vectors parallel to Y .
Since affine subspaces are affine spaces themselves , their dimension is

properly defined .

The 0 - dimensional affine subspaces of an affine space A=(X,V,T)
are the points of X . The 1 - dimensional affine subspaces are called
straight lines . The 2 - dimensional affine subspaces are the ordinary
planes of A . In gen - eral , k - dimensional affine subspaces of an affine
space will be called shortly k - planes . The (n— 1) - planes of an n -
dimensional affine space are called hy - perplanes . The set of all k -
dimensional affine subspaces of an affine space A is the affine
Grassmann manifold AGrk ( A) . At this moment we defined the affine
Grassmann manifold just as a set , but this set can be endowed with a ( k
+ 1) (n— k) - dimensional manifold structure , which justifies its name
. The following proposition gives a more explicit description of affine

subspaces in vectorized affine spaces .

Proposition . A subset Y C V of the affine space Av is an affine subspace
with direction space W < V if and only if Y is a translate of W .

Proof . If Y is an affine subspace with direction space W , then according

toaxiom (Al),foranyaGY ,themapY "W ,h b b—aisabijection
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between Y and W, which means that Y is the translate of W by the

vector a .

Assume now that Y = Ta ( W) is a translate of the linear subspace W of
V , and show that Y is an affine subspace of AV with direction space W .
Two typical elements of Y have the formyi=a+wiandy2 =a+ w2,
where wi, w2 G W . Then

$(yi,y2)=y2—yi=w2—wi,whichshowsthat T (Y XY )=W,

To check axiom (A1) for (Y, W, $|YXY ), observe that for y0 =a +
WwOGY,themapY W,y T (y0,y)=y—y0isatranslation by —
y0 restrictedonto Y . Since T-y0=T-W0oT-aand T -amaps Y
onto W bijectively, and T - WO maps W onto itself bijectively , T - y0O
maps Y onto W bijectively .

Since the triangle rule ( A2) is fulfilled for any triple in X, it is true for

any three points in Y as well .
Affine and 0 - weight Linear Combinations

When we vectorize an affine space , points are identified with vectors
and , therefore , we can take linear combinations of points . The result
can be con - sidered both a point and a vector . However , the resulting
point , or vector may depend on the choice of the base point of the
vectorization . From the viewpoint of affine geometry , linear
combinations the result of which does not depend on the choice of the

vectorization are of special importance .

Let us compare vectorizations with base points Oand O'. If T (O, Q")
=a, and a point P corresponds to the vectors (P)=Pand (P ) =p'
under the vectorizations with these base points , then we have p=p' + a
by the triangle rule (A2) .

If the position vectors of the points Pi, . . ., Pk G X from the base point
Oarepi,...,pk, then the linear combination Aipi + ¢ * « + Akpk as a

vector in V does not depend on the vectorization if and only if
Aipit+eee+ Afcpfc=Ai(pi—a)+eee+ Ak (pk—a)
foranya GV, or, equivalently , if Ai + e+ Ak=0.

11




Notes

12

Definition . A linear combination Aipi + * ¢ * + Akpk is a 0 - weight
linear combination if the sum Ai + ¢ * « + Ak of the coefficients is equal
t00.

According to the previous computation , we obtain the following

statement .

Proposition . For 0 - weight linear combinations the vector Aipi + ¢« +
AKPk € V does not depend on the vectorization , thus it can be denoted
by AiPi+ e+ + AKPk € V as well .

We get a different condition on the coefficients if we want that the point
with position vector Alpl + ¢« « + Akpk with base point O be the same
as the point with position vector Alp'i + « « » + Akp'k with base point O' .

For this we need that the equation
Alpl+eee+Akpk—a=Al(pl—a)+eee+Ak(pk—a)

should hold for any choice of a . This condition is clearly equivalent to
the condition that Al + e+ +Ak=1.

Definition . A linear combination Alpl + ¢ ¢ » + Akpk is an affine com -
bination if the sum A1l + ¢ « » + Ak of the coefficients is equal to 1 .

JS

The importance of affine combinations is summarized in the following

proposition .

Proposition . The point represented by an affine combination Aipi + ¢« ¢
+ A k pk of the position vectors of some points Pi, ... , Pk does not
depend on the choice of the base point . This way , it makes sense to

denote it by
AiPi+eee+ AKPK€ X .
Affine subspaces can be characterized in terms of affine combinations .

Proposition . A subset Y of an affine space is an affine subspace if and
only if it is nonempty and it contains a, Il affine combinations of its

points .

Proof . Identify the space with AV by vectorization .
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If Y is an affine subspace , then it is a translation TaW of its direction

space . Since 0 € W, a € Y is not empty . Furthermore , if yj=a + Wj €
Y, (i=1,..., k) aresome points, then an affine combination of the

has the form

Ailyi+eee+ Akyk=(Aiteee+Ak)a+ (Aiwiteee+Akwk)=a+
(Aiwi + +Akwk).

Since W is a linear space , w = Aiwi + « » « + Akwk € W , therefore ,
Alyi+ Akyk=a+w€Y.

To show the other direction , assume now that Y is a nonempty subset of

V containing all affine combinations of its points .

Consider the set Wof all 0 - weight linear combinations of elements of Y
. Since the sum of two 0 - weight linear combinations and any multiple
of a 0 - weight linear combination are 0 - weight linear combinations , W
is a linear subspace of V .

Choose a vectora G Y, and let us show that Y = Ta (W) . Adding a =
Pa to a 0 - weight linear combination of elements of Y we obtain an
affine combination of some elements of Y , which belongs to Y by our
assumptionson Y . Thus, Y D Ta (W) . On the other hand , every y
element of Y can be writtenasy=a+(y—a) G Ta (W), which
completes the proof .

As a byproduct of the proof we obtain

Corollary . The direction space of an affine subspace is the set of all 0 -

weight linear combinations of its elements .

Corollary . The intersection of affine subspaces of an affine space is

either empty or it is also an affine subspace .

Corollary . For a nonempty subset S C X there is a smallest affine

subspace among the affine subspaces containing S .

Definition . The smallest affine subspace containing the nonempty subset

S is called the affine subspace spanned by S and it is denoted by aff [S] .

13
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Proposition . The affine subspace spanned by the nonempty subset S

consists of all affine combinations of the elements of S .

Proof . Denote by YS the set of all affine combinations of elements of S .
By Proposition , aff[S] D YS . Since foranysG S, 1 * s is an affine
combination of s, therefore S C YS . It is easy to check that affine
combinations of affine combinations of elements of S is again an affine
combination of elements of S, so YS is an affine subspace containing S .
However , among such affine subspaces aff[S] is the smallest one , so
aff[S]C YS.

Affine Independence

A direction space of the affine subspace spanned by a system of k +1
points Po, ... , Pk consists of 0 - weight linear combinations of these
points . This linear space is generated by the differences Pi— PO, ... ,

Pk — PO, therefore its dimension is at most k .

Definition . The points PO, . .. , Pk are called affinely independent if

any of the following equivalent conditions is fulfilled .
PO, ... ,Pkspanak - dimensional affine subspace .
The vectors Pi — PO, ... , Pk — PO are linearly independent .

A 0 - weight linear combination of PO, . . ., Pk equals 0 only if all the

coefficients are equal to 0 .
Affine Coordinate Systems

An affine coordinate system on an affine space A= (X, V, $) is given

by the following data:
a point O G X, which will be the origin of the coordinate system;
and a basisei,...,enof V.

Given an affine coordinate system , the coordinates of a point P are the

real numbers (x1, ..., xn) for which

$(0,P)=xlel ++*e+xnen.
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Assigning to each point of X its coordinate vector gives an affine

isomorphism between the affine space A and the affine space ARn .
Tangent Vectors at a Point , and the Tangent Bundle

A free vector v G V of an affine space ( X, V, $) has no given initial
point or endpoint . It can be represented by any ordered pair of points ( P
, Q) forwhich $ (P, Q) =v. Sometimes we have to consider vectors
with a given base point instead of free vectors . For example , forces in
Newtonian mechanics are vector like quantities . However , to describe a
diagram of forces properly , it is not enough to know the directions and
the magnitudes of the acting forces , we have to know also the ( base )
points at which the forces act on a given body . For instance , if we push
a wardrobe by a horizontal force , sufficiently large to overcome friction
, then the wardrobe will slide horizontally if we push it close to the floor
, but it may fall over if it is pushed at the top . The reason of this fact is
that the torque of a force depends on the point at which the force acts on

a body .

Definition . Let P G X be a point of an affine space (X,V,T). A
vector based at P or a tangent vector at P is a pair (P,v),wherevG V.
The tangent space TpA (or TpX) of the affine space A at P is the set of
all tangent vectorsatP ,i.e., TPA={(P,v)|vGV}.

Tangent vectors at P form a linear space with the operations
A(P,v)+p(P,w)=(P,Av+pw).

"Forgetting the base point” is a linear isomorphism iP : TPA~V ,iP (P,
v ) =V between TP A and V. If P and Q are two different points in X,
then the linear isomorphismi-10iP: TPA ”~ TgA is called parallel

transport between tangent spaces at P and Q .

Definition The disjoint union of all tangent spaces of an affine space is
called its tangent bundle TA = |JPeX TPA =X XV . Themapn: TA" X,
which assigns to each tangent vector (P, v ) its base point P is called the

projection of the tangent bundle .

15
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8.3 EUCLIDEAN SPACES

Definition . An affine space ( X, V, T) is a Euclidean space if the linear
space V is endowed with positive definite symmetric bilinear function (,

} ., making it a Euclidean linear space .

Since every linear subspace W of V inherits a Euclidean structure by
restricting the inner product (, } onto W x W , affine subspaces of a

Euclidean space are Euclidean spaces as well .

The Euclidean structure enables us to introduce metric notions like

distance , angle , area , volume etc .
Distance and the Isometry Group

Definition . The distance between two points P and Q of a Euclidean
space (X, V,T)isd(P,Q)=|T(P,Q)|.

Definition 1. 3. 20 . A metric space is a pair ( X, d ), where X is a set ,
d: X x X~ R is a functions , called distance function , satisfying the

following axioms
d(P,Q)>0forallP,QG Xandd(P,Q)=0ifandonlyifP=Q.
d(P,Q)=d(Q,P)forallP,QG X (symmetry).

d(P,Q)+d(Q,R)>d(P,R)forallP,Q,RG X(triangle
inequality ) . IS

Proposition . Every Euclidean space is a metric space with its distance

function .

Proof . The triangle inequality follows from Corollary

d(P,Q)+d(Q.R)=[T(P,Q)I+[T(Q.R)N>|T(P,Q)+T(
Q,R)\=|$(P,R)|I=d(P,R).

Definition . A map y: X *'Y between the metric spaces ( X, dx ) and (Y
, dy ) is said to be a distance preserving map or isometry ifdy (y (P ),y
(Q))=dx(P,Q)forallP,QGX. X
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An isometry is always injective but not necessarily surjective .

Exercise . Give an example of an isometry y: X~ X which maps a metric

space ( X, d ) onto one of its proper subsets .

Definition . Bijective isometries of a metric space form a group with
respect to composition . The group of bijective isometries of the metric
space X is called the isometry group of X, and is denoted by Iso ( X)) .

Theorem . Every isometry of a Euclidean space En= (X, V, T) into
itself is bijective . Isometries of En are affine transformations . An affine
transformation T: X ” X is an isometry if and only if the corresponding
linear map L: VAV, for whichL (AIB)=T (A) T (B), preserves the

norm of vectors .

A linear transformation of the Euclidean linear space V preserves the
norm of vectors if and only if it preserves the dot product of vectors . If
M is the matrix of L with respect to an orthonormal basis , then this

property of L is also equivalent to the matrix equation
MMt=MtM =1.

Definition . Linear transformations of a Euclidean space preserving the
dot product are called orthogonal linear transformations . Matrices satis -

fying equation are called orthogonal matrices .

Definition . An orientation preserving isometry or motion of a Eu -
clidean space is an isometry , the associated linear transformation of

which has positive determinant .

Orientation preserving isometries form a normal subgroup Iso+ ( En ) in

the isometry group Iso ( En ) of the Euclidean space .

The Angle Between Affine Subspaces

Angle between affine subspaces of the same dimension will be defined
as the angle between their direction spaces . Direction spaces are linear

subspaces , so we first define the angle between linear subspaces .

17
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Definition . The angle Z (e, f) between two 1 - dimensional linear
subspaces e = lin[v] and f = lin[w] of a Euclidean linear space V , is the

smaller of aand n — a, where a is the angle between v and w .
Clearly, Z (e, f) is the unique angle in [0, n/ 2] for which
vV, W

»s<Z<e.f))= .

Proposition . Z is a metric on the projective space P (V).

Proof . We prove only the triangle inequality , the rest is trivial . Let e =
lin[v] , f=Ilin[w] , g = lin[z] be three 1 - dimensional subspaces and let

us show that
Z(e,f)+Z(f,g)>Z(e,Q).

Assume that the vectors v, w and z have unit length . Denote by a, 0 and
Y the angles between (v,w), (w,z)and (z, V) respectively .
Changing the direction of the vectors w and z if necessary , we may
assume thata, 0 G [0,n/2]. By Corollary 1. 2. 58, the Gram matrix

of the vectors v, w, z has nonnegative determinant , thus
(
lcos(a)cos(y)ncos(a)lcos(0)cos(y)cos(0)1

=1+2cos(a)cos(0)cos(y)—cos2(a)—cos2(0)—cos2(y)
>0.

This is a quadratic inequality for cos (y ) , which is fulfilled if and only
if cos (y) is in the closed interval the endpoints of which are the roots of

the polynomial
P(t)=(1—cos2(a)—cos2(0))+2cos(a)cos(0)t—t2.
The roots of P are
cos(a)cos(0)+\cos2(a)cos2(0)+1—cos2(a)—cos2(0)=

=cos(a)cos(0)+x~/(1—cos2(a))(l—cos2(0))=cos(ax0
).




Since the cosine function is strictly decreasing on the interval [0, n] , this

implies

0—a<y0a+0,

in particular ,
Z(e,f)+Z(f,g)=a+0>y>min{Y,n—y}=Z(e,qg).

We define the angle between k - dimensional linear subspaces using the
Pliicker embedding Grk (V)" P ( AkV)

Definition . The angle between two k - dimensional linear subspaces W2
, W2 of a linear space V is the angle between the 1 - dimensional linear
subspaces lin[w} A ¢*+ A wk]and lin[w2 A *++Aw2],wherew}, ...

, WK is a basis of W2 , w}, ..., w|isa basis of W2 .

Definition . The angle between two affine subspaces of a Euclidean

space is the angle between their direction spaces .

Since two different affine subspaces can have the same direction space ,
the angle function is not a metric on the affine Grassmann manifold
AGrk (A).

8.4 CARTESIAN COORDINATE SYSTEMS

Definition . An affine coordinate system given by the origin O and the
basis vectors (e 2, ..., en) is a Cartesian coordinate system , if the
basis(e 2, ...,en)isorthonormal . Jg

A Cartesian coordinate system defines an isometric isomorphism
between any n - dimensional Euclidean space and the standard model
ARn of the n - dimensional Euclidean space , where the inner product on

Rn is the standard dot product .
Equations and Parameterizations of Affine Subspaces Linear subspaces

Let us first deal with equations and parameterizations of linear subspaces
of a linear space V . A k - dimensional linear subspace W of V can be
given by k linearly independent vectorsa 2, . . ., ak spanning W . Then

Notes

19
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a vector x G V belongs to W if and only if x can be written as a linear

combination of the vectors a2, ..., ak.
This way , the mapping
rRKAV,r(x1,...,xk)=xlal + m m m + xkak

maps Rk bijectively onto W . The map r is called a ( linear )
parameterization of W . A linear subspace has many linear
parameterizations , since it has many different bases .

We can also define a linear subspace as the kernel of a linear map , i . e.
, as the set of solutions of a system of linear equations .

For this purpose , observe that x is in W if and only ifai, ..., ak, x are
linearly dependent . By Proposition linear dependence is equivalent to

the equation
xAalAmmmAak=0.

This is called the equation of the linear subspace W . This equation
requires the vanishing of a (k + 1) - vector . If dim V =n , then the
space of Ak+1 V has dimension ( k+J . If we fix a basis in V , then the
equation of W becomes equivalent to a system of ( k+ J equations
requiring the vanishing of all the coordinates of the (k + 1) - vector on
the left - hand side . Since the coordinates are linear functions of x , all
the equations in the system are linear . Obviously , these equations are
not linearly independent in general . By the dimension formula any
maximal linearly independent subsystem of this system of equations
contains exactly ( n — k) equations . Thus there are many different ways
to convert the equation of a linear subspace to an independent system of (

n — k) linear equations .

In the special case k = n — 1 of linear hyperplanes , however , we have
only one linear equation on the coordinates , and it is uniquely
determined by W up to a scalar multiplier . If we introduce an orientation
and a Euclidean structure on V , then the equation of W can be written

also as

(x,*(aiAmmmAa,i)}=0.
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This way , W contains all vectors orthogonalto * (al AmmmAan-1)

. This last vector is a normal vector of W .
Affine subspaces

Assume that we want to parameterize or write the equation of a k -
dimensional affine subspace W spanned by k +1 affinely independent
points a0, ..., ak. Itis not difficult to parameterize W , that is to obtain
it as the image of a bijection r: Rk ~ W . We know that a point belongs to
W if and only if it is an affine combination of the points a0, . . ., ak,

consequently , the mapping
r(xt,...,xk)=(1—(xl1+mmm+xk))a0+xlal + m m m+ xkak
is a parameterization of W .

To write the equation of an affine subspace we use a trick rooted in
projective geometry . Vectorize our affine space by choosing an origin .
This identifies the space with AV , where V is a linear space . Consider
the linear space (V} =R ==> V and embed V into ( V} by the mapping
v==>v,wherev=(1,v).Theimage V of V is the translate of the
linear subspace {0} ==> V by the vector (1, 0), thus, it is an affine
subspace of ( V}, just as the image W of W . Denote by ( W} the linear
subspace of ( V} spanned by W

(W} = lin[WW] = aff (WW U { (0,0)}].

(W}isa(k+1)-dimensional linear subspace and uniquely
determines W as the projection of W = (W} nV onto V . This way , the
map W — (W} gives an embedding of the affine Grassmann manifold
AGr™ (V) into the linear Grassmann manifold Grk+i ((V}) .

Using this picture , x belongs to the affine subspace W if and only if X G
(W3} . Since the linear subspace ( W} is spanned by the vectorsao, . . .,

ak , the equation of the affine subspace W is
xaa0ammmaak=0.

Introducing a basis in V , this equation can be converted into a system of
equations , in which each equation requires the vanishing of a linear

combination of the coordinates of X . This means that every affine
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subspace can be defined by a system of inhomogeneous linear equations

of the form
co+clxl+ +cnxn=0.

The number of independent equations that define Wis (n+1) - (k+1) =
n - k. In the case of a hyperplane

In a Cartesian coordinate system , the coefficients describe the
hyperplane as follows . N = (ci, ..., cn) is a normal vector of the
hyperplane , and the hyperplane goes through the point — coN / ||N||2 .
The constant cO can be computed from any point p0 lying in the

hyperplane as cO = — <N, po>.
Equations of Spheres

Definition Let E be a ( k+1 ) - dimensional subspace of an n -
dimensional Euclidean space , O G E be a point, r > 0 be a positive
number . Then the k - dimensional sphere or shortly the k - sphere in E
centered at O with radius r is the set of those points in E the distance of

which from O is r . A hypersphere is an

(n—1) - dimensional sphere . The case r = 0 is considered to be a

degenerate case , when the sphere degenerates to a point .

In the non - degenerate case , a k - sphere determines its (k + 1) - plane ,

its center and its radius uniquely .

To write the equations of k - spheres introduce a Cartesian coordinate
system on the space . This identifies our space with Rn .

Consider first hyperspheres (E = Rn) . If 0 is the center of the sphere ,

then the equation of the sphere is
[X —ol]2—r2 =|[x||2 + <—20, x>+ (||o|2—1r2)=0.

This proves that every hypersphere can be defined by an equation of the

form
al[x||2 +<b,x>+c=0,

wherea,cGR,bGRn.
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Definition . Equations of the form will be called hypersphere equations

or shortly sphere equations .

The solution set of a sphere equation is described in the following

proposition .

Proposition . Let S = {x | a||x||2 + <b, x> + ¢ = 0} be the set of solutions

of the sphere equation . Then we have the following cases .

If the equationis trivial ,i.e.,a=c=0, b =0, then the solution set is

the whole space Rn .

If the equation is contradictory ,i.e.,a=0,b=0,butc=0,thenS=
0.

If the equation is inhomogeneous linear , that is a = 0, but not trivial and

not contradictory , thatisb =0, then S is a hyperplane .

« If the equation is quadratic ,i.e.,a=0, then S depends on the sign of

the discriminant d = ||b||2 — 4ac .

If d> 0, then S is a hypersphere centered at —b / ( 2a ) with radius yfd /
\2a\ .

Ifd =0, then S is a degenerated hypersphere of radius 0 which contains
a single point—b/(2a).

Ifd<0,thenS=0.

Proof . The linear case is simple , the quadratic case follows from the

equivalent rearrangemen of equation

Proposition . The intersection S of a hypersphere of radius r centered at
O and a hyperplane <= in an n - dimensional Euclidean space is
described as follows . Let the orthogonal projection of O onto <= be O'
and denote by d the distance OO'. Thenifr>d,thenSisan(n—2) -
sphere in <= with radius \ / r2 —d2 , and center at O' . S consists of the
single point O'whenr=dand S=0whenr>d.

The proof is a corollary of the Pythagorean theorem , since for any P in <

, the triangle POO'A is a right triangle .
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Corollary . The intersection of a finite system of hyperspheres and
hyperplanes is either empty or an affine subspace or a k - sphere . Proof .
From an algebraic viewpoint , the intersection is the set of solutions of a
finite number of sphere equations . If there is a quadratic sphere equation
in the system , then subtracting a suitable multiple of it from the other
equations , we can make all the other equations linear , so we may

assume that there is at most one hypersphere in the family .

If there is no hypersphere at all , the statement follows from Corollary . If
there is a hypersphere in the family , then we can prove the statement

inductively , using the previous proposition .

To write the equation of a k - sphere , we use an embedding of Rn into a
larger linear , space analogous to the affine embeddingV ==> (V) =R

==> V that was used when we wrote equations of affine subspaces .

To simplify notation , denote the Euclidean linear space Rn by V . Set ( (
V))=R==>V==> R.Embed Vinto ((V)) with the map

Vi==> -v,wherev=(1,v,|Vv|2).

Because of the quadratic term in the last coordinate , this is not an affine
embedding . Its image V is a paraboloid . The advantage of this
embedding is that a linear equation on the coordinates of v is a

hypersphere equation on v .

Proposition . Leta0, ..., akbe (k+ 1) > 2 affinely independent points
. Then there is a unique ( k — 1) - sphere through these points and it can

be defined by the equation
xaa0AeeeAak=0.

Proof . The (k— 1) - sphere must be in the unique k - plane E spanned
by the points . If the points were contained in two different (k — 1) -
spheres of E , then they would be contained in their intersection , which
isa(k—2)-sphere. This would contradict affine independence of the
points , since every (k— 2) - sphere is contained ina (k— 1) - plane .

Thus , uniqueness is proved .




To complete the proof , we should check that the set given by the
equation defines a (k — 1) - sphere passing through the given points .
Let S be the set of solutions

Since equivalent to a system of linear equations on the coordinates of X,
which is a system of sphere equations on x . Thus S is either empty , or

an affine subspace , or a sphere .
The set S cannot be empty , since it contains the points a0, . . ., ak as
aaalaes*caak=0.

This also gives a lower bound on the dimension of S . If itisan m -

sphere ,thenm >k — 1, ifitisanm - plane,thenm >k .

If x € S, then x is a linear combination of the vectors ao, . . ., ak , hence
(1,x,|x][2)=a0(1,a0,|ac™2) 4 43k (1,afc, |lafc||2)
forsome a0, ... , ak € R . This equation splits into three components

l=ao+eee+ak,x=ao0a0 + e+ akak,
[[X||2 = aolfao||2 +

The first two equations show that x must be an affine combination of the
pointsao, ..., ak. Thus, S C E, and we have only two possibilities left
. Either Sisa (k— 1) - sphere , in which case we are done ,or S=E.
The latter case can be excluded by showing that the midpoint (ao + ai ) /
2isnotinS. If it were in S, then by affine independence of the aj's , the
only possible choice for the aj's would be ao =al =1/2 and aj =0 for 2
<i<Kk, however, the third equation is not fulfilled with these

coefficientsas >0 .
This proves the proposition .

Denote by SPHk (V) the set of all k - spheres in the Euclidean linear
space V . As a corollary of the previous proposition , we can construct an
embed - ding SPHk (V) ~ Grl (Ak+1 ((V))) in the following way .
Given a k - sphere S, choose k affinely independent pointsao, . . . ,
ak from it , and assign to S the 1 - dimensional linear space spanned by
the (k+1)-vectorao AessAak€AK+1((V)).

Notes
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Exercise . Prove that the center of the sphere defined by the point acao +
« « « + akak , where the coefficients are obtained as the solution of the

following system of linear equations
aoteesetak=1

a0(a—ao,a0)4 4dak(a—ao,ak)=11laj|2—|ao|2fori=1,.

., k.Q
Ordinary Differential Equations

Definition . Let U C R" be an open subset of R" . A vector field over U
isamap F: U”TR"suchthat F (p) G T,R" forallpG U . IS

A tangent vector based at p is a pair (p,Vv), wherev G R", therefore ,
F (p) must have the form (p, F(p)) . As the function F: U A R"
obtained from F by ignoring the base points determines F uniquely , we

can define a vector field uniquely by a mapping from U to R" .

Definition . Let U C R" be an open subset of R" , F: U ~ R" be a vector
field on U . A ( first order autonomous vector valued ) ordinary differ -
ential equation with right - hand side F is the problem of finding
differentiable parameterized curves, i . e ., differentiable maps 7: 1 * U

satisfying the equation

Y'(t)=F(y(t))foralltG 1,

where 1 is a finite or infinite interval in R . Solutions of the problem are
called the integral curves of the differential equation or that of the vector

field F . F is also called the right - hand side of the differential equation .

More generally a kth order vector valued ordinary differential equation
is given by amap F: U x (R") ¥ AR"and is posing the problem to find
k - times differentiable curves v : 1 U satisfying

YO )y =F(y (t), Y (t),...,YED(t))forallt G I.

Despite its more general form , every kth order differential equation is
equiva - lent to a first order one . The equivalent problem is to find a
curve (Y, Ny, ..., Nk-1) 12U x (R™) ¥"* which satisfies the first

order differential equation
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The adjective autonomous refers to the circumstance that the right - hand
side F depends only on the position Y ('t ) but not on other parameters ,
say t . For example , a time dependent non - autonomous differential

equation has the form
Yy (D= F(ty (DA

where F: R x U A R" is the time dependent right - hand side . However ,
such a differential equation can also be rephrased as an autonomous
differential equation . Indeed , it is equivalent to finding curves (T,Y) : |
~ RxU satisfying

(Toy ) () = (LF(T(D) (1))

For these reasons , we shall summarize here the fundamental theorems
of ordinary differential equations only for autonomous first order

systems .

Definition . A maximal integral curve of a differential equation is a
solution which cannot be extended to a larger interval as a solution of

the differential equation .

Theorem ( Existence and Uniqueness of Solutions ) . If the right - hand
side F: U ~ R" of a first order differential equation is continuously
differentiate , then for any p G U, there is a uniqgue maximal integral
curve YP: (ap, by ) Usuch that—T10 <a, <0 <by<+T10and Y, (0)
=p.

Remark that for continuous right - hand side only the existence part of

the theorem is true , uniqueness may fail .

Theorem ( Smooth Dependence on the Initial Condition ) . Suppose that
the right - hand side of a first order ordinary differential equation is
smooth . Thentheset W ={(p,t)|pGU,tG (ap,by)isan
open subset of UXx R, andthemap $: W U ,$(p,t)=Ys(t)isa

smooth map .

In other words , the point at which we arrive at after traveling for time t
along an integral curve starting at p depends smoothlyonp andt. As a
corollary , foranyt GR , the set W ={p | (p,t) G W} isan open

subsetof U, andthemap $¢: W2 U, $:(p)=$(p,t)is

Notes
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smooth . If (p,to) G Wand g =Y, (to), thenthemap (
ap—1to,bp—1t) U, t yp (t+1to)isamaximal integral curve
starting at q , therefore , Yq (t)=Yp(t+1t0),qGW_pwand$.,(q)
=p.Inconclusion, $: W W _ is a diffeomorphism for all t G
R.

Definition . The family {$:}«gR is called the flow or one - parameter
family of diffeomorphisms of the ordinary differential equation or the

vector field F .

The flow satisfies the following group property . If (p,t) G W and ( $;
(p’'s’®W  then (p,t+sGW)and

$t+s(p)=%s ($t(p)).

The typical reason why an integral curve cannot be extended to [0, £TO
) is that it is running out to infinity or to the boundary of U within a

finite time .

Theorem ( Unboundedness of Maximal Solutions in Time or Space ) .
If for a maximal integral curve ve: (a,, by )~ U, a,=—T0 (oOr
b, =+T0 ), thenthetrace Y ((a,,0]) (ory ([0, bp)), respectively,

) cannot be covered by a bounded closed subset of U .

85 LINEAR DIFFERENTIAL
EQUATIONS

Denote by R™™ the linear space of n x m matrices and identify R" with
the space R™" of column vectors . A linear differential equation is an
equation of the form

X'=AmX,

where x: 1 * R" is an unknown column vector valued function defined
on the interval I, A: 1 ~R™" is a given matrix valued function ,
denotes matrix multiplication . As the matrix A typically depends on t

, linear differential equations are usually non - autonomous .

Of course , the fundamental theorems on ordinary differential

equations are true also for linear differential equations , but linearity




Notes
has some additional consequences not true in the general case . These

are sum up in the following theorem .

Theorem . If A: 1 * R™" is smooth , to G 1 is a given initial point and xo
G R"is an arbitrary initial value , then there is a unique solution

x: 1 A R" for which x (t) = Xo .

Recall that for a general differential equation , solution exist only in a
certain , maybe small neighborhood of the initial point to . In the linear
case , however , solution exists on the whole interval | . Solutions of
the linear differential equation form an n - dimensional linear space
with respect to pointwise addition and multiplication by real numbers
. This property is a characterization of linearity of a differen - tial
equation . In the special case when A is a constant matrix , solution of

with initial condition x (to ) = xo can be written explicitly as

x (t)=er )y,

where the exponential of a matrix M is defined as e™ = ~%jfi-0

pp - .
Systems of Total Differential Equations

Systems of total differential equations are multivariable

generalizations of the non - autonomous differential equation

Definition A system of total differential equations is an equation of
the formG' (u)=F(u,G(u))

for an unknown multivariable function G , where F: 0 * R™m is a
given matrix valued function on an open subset of 0 CR™x R" . G: U
A R"is a solution of the system , if it is defined on an open subset U of
R™,itsgraph{(u,G (u)|u G U}iscontainedin0,and (1.22)is
satisfied by all u G U . A system of total differential equations is
integrable if for any (up, vo ) G 0, there is a solution G of the system
satisfying the initial condition G (up ) = Vo . is If G is a solution with
given initial value G (up)=vo , (ei , ..., en) isthe standard basis
of Rm , thenforany 1 <i<m,thecurveqi (t)=G (u0 +tej)

satisfies the ordinary differential equation

Yi (t)=F(uo +tei ., Yi (t))eei
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with the initial condition Y; (0) = uo . ( In this equation , vectors are
column vectors , """ denotes matrix multiplication . ) Solving these
differential equa - tions we can compute the values of G in a
neighborhood of ug along segments through ug parallel to one of the
coordinate axes . As any point of R™ can be connected to ug by a broken
line the segments of which are parallel to one of the coordinate axes ,
iterating this process we can compute the val - ues of G in a small
neighborhood of ug . This proves that the solution of a system of total
differential equations with a given initial condition is unique in a
neighborhood of the initial point . However , the solution may not exist .
When m > 2, there are many ways to choose the broken line connecting
Uo to a point uy nearby , and it can happen that computing G ('uy ) with
the help of different broken lines we get different values . In such a way
the system has no solution with the given initial value and the system is
not integrable . Frobenius' Theorem gives a necessary and sufficient
condition for the in - tegrability of a system of total differential equations
. The easiest way to paraphrase the condition is that the system is
integrable if and only if it does not contradict to Young's Theorem
Compute what this means in terms of formulae . Let Fji (u,Vv) bethe
matrix element of F (u, v ) in the ith row and jth column . If G (u ) = (

G'(u),...,G"(u)) "isasolution of the system , then

djG' (u)=F'(u,G(u))foralll<i<n,l1<j<m.
Differentiating this equality with respect to the kth variable we

obtain n

dkdjG' (u)=dkFj '(u,G(u))+YdmsFj '(u,G(u))

diG* (Uu)
s =1n
= dkFj i(u,G(u))+Ydm+st(u,G(u))Fk (
u,G(u)).
s =1

By Young's Theorem , the right hand side of this equality should not

change if we flip the role of jand k .

Theorem ( Frobenius' Theorem ) . The system of total differential

equations is integrable if and only if




dk Fj +Y dm+sFjWk = dj Fk + Y dm.SFk F/

s =1 s =1
holdsonQ forall1<i<n,and1<j,k<m.

A geometrical version of Frobenius' Theorem
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In this unit we have discussed the definition and example of Geometry ,
Euclidean Spaces , Cartesian Coordinate Systems , Linear Diffrential

Equations
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the linear space V is endowed with positive definite symmetric bilinear
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Cartesian Coordinate Systems... An affine coordinate system given by
the origin O and the basis vectors (e 2, ..., en) is a Cartesian

coordinate system

Linear Diffrential Equations..... Denote by R™™ the linear space of n x
m matrices and identify R" with the space R™" of column vectors . A

linear differential equation is an equation of the form
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UNIT-9 : LINEAR ALGEBRA
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9.9  Suggested Reading
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9.0 OBJECTIVES

After studying this unit , you should be able to:

e Understand about Linear Algebra
e Orientation of Linear Space ,
e Exterior Powers,

e Euclidean linear spaces

9.1 INTRODUCTION

Differential geometry arose and developed as a result of and in
connection to the mathematical analysis of curves and surfaces
Mathematical analysis of curves and surfaces had been developed to
answer some of unanswered questions that appeared in calculus like the

reasons for relationships between complex shapes and curves , series
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and analytic functions , Linear Algebra , Orientation of Linear Space ,

Exterior Powers , Euclidean linear spaces

9.2 LINEAR ALGEBRA

Linear Spaces and Linear Maps

Definition A set V is a linear space , or vector space over R if V is
equipped with a binary operation + , and for each A G R, the
multiplication of elements of V with A is defined in such a way that the

following identities are satisfied:
(x+y)+z=x+(y+z) (associativity);
30GVsuchthatx+0=xforall x GV;
VXGV3—xGVsuchthatx + (—x)=0;
X +y =y +x (commutativity ) ;
A(Xx+y)=Ax+Ay,

(A+p)x=Ax+px;

(Ap)x=A(px);

Ix=x. m

Definition . A linear combination of some vectors xi,...,XxkG Vs a

vector of the form
Alx] + eee + Ak xk

where the Aj's are real numbers . The vectors x1,...,xk GV are
linearly in - dependent if the linear combination can be 0 only if all of the
coefficients Aj vanish . A basis of V is a maximal set of linearly

independent vectors . IS

It is known that any two bases of a linear space have the same cardinality

34




Definition . The dimension dim V of the linear space V is the cardinality

of a basis .

Definition A map L: V * W between the linear spaces V and W is said to

be linear if
L(Ax+py)=AL(x)+pL(y)

foranyx,yGVand A, pGR. A linear isomorphism is a bijective
linear map . Two linear spaces are isomorphic if there is a linear

isomorphism between them .

Linear spaces as objects and linear transformations as morphisms form a
category . Two linear spaces are isomorphic if and only if they have the
same dimension . The automorphism group of a linear space V is called

the general linear group of V and it is denoted by GL (V) .

If V is an n - dimensional linear space , and (el, ..., en) isa basis of V
, then any vector x G V can be written uniquely as a linear combination x
=x1lei + ¢ * « + xnen of the basis vectors . The numbers (x1,...,xn)

are called the coordinates of x with respect to the basis (ei, .. .,en).

The indices of the coordinates are not exponents , they are just upper
indices . The reason why it is practical to use both upper and lower
indices is the ob - servation that if we position the indices properly in a
linear algebraic formula , then usually summations go exactly over those
indices that appear twice in a term , once as a lower index , once as an
upper one . Therefore , if we take care of the right positioning of the
indices , summation signs show redundant information and can be
supressed . This leads to Einstein's convention which suggests us to
position the indices properly and omit the summation signs . It is a rule
for correct index positioning that if a single index appears on one side of
an equation , then the same index must appear as a single index at the
same ( upper or lower ) position on the other side as well . In this book ,
we shall pay attention to index positioning , but we shall not omit the

summation signs .

Notes
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Working with coordinates , linear transformations are represented by

matri - ces . Let L: VW Dbe a linear map from the n - dimensional linear

space
to the m - dimensional linear space W . Choose a basis (el, ..., en) for
and a basis (f1,...,fm) for W . Write L (e] ) as a linear combination

L (e))=11f1 ++<++/mfm . Arranging the coefficients / j into an m x

n matrix

we obtain the matrix of L with respect to the bases (el, ..., en)and (
~.. ., fm) If we arrange the coordinates of x with respect to the basis (
el, . . . ,en)intoacolumn vector [X] , then the column vector [L ( x)
] of the coordinates of L ( x ) with respect to the basis (f1, ..., fm) can
be computed by the matrix mul - tiplication [L (x ) ] = [L][X] . For an

endomorphism of V', we usually use the same basis for Vand W =V .
Examples .

Recall that Rn denotes the set of n - tuples of real numbers Rn = { ( X1,
..., Xn)[XjER} .

Ifx=(x1,...,xn)andy=(yl,...,yn) aretwo elements of Rn
and A € R is a real number , then we define the sum and difference of x

and y and the scalar multiple of x by
xty=(xlzyl,...,xnxyn), Ax=(Ax1,...,Axn).

It is clear that Rn is an n - dimensional linear space over the field of real
numbers with respect to the operations defined above .

Let ei denote the vector (0,...,0,1,0...0), the only non - zero
coordinate of which is the ith one , being equal to 1 . The n - tuple (ei, .

.., en)is a basis of Rn called the standard basis of Rn .

Let V and W be linear spaces , Hom ( V, W) be the set of all linear
maps from V to W . Hom (V, W ) becomes a linear space if for A, B G
Hom (V,W)and A G R, we define the maps A + B and A A by

(A+B)(x)=A(x)+B(x), (AA)(X)=A(A(X)).
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A linear subspace of a linear space V is a nonempty subspace W C V ,

which contains all linear combinations of its elements . Linear subspaces
of a linear space are linear spaces themselves . The dimension of a linear
subspace W of V is less than or equal to dim V . If V is finite
dimensional , then dim W = dim V holds only if V=W .

The intersection of an arbitrary family of linear subspaces is a linear
subspace , therefore , for any subset S C V there is a unique smallest
linear subspace among all linear subspaces containing S . We shall call
this linear subspace the linear subspace spanned or generated by S, or
simply the linear hull of S . We shall denote the linear hull of S by lin[S]

Definition . The Grassmann manifold of k - dimensional linear sub -
spaces of the linear space V is the set Grk (V') of all k - dimensional sub
- spaces of V . In the special case k=1 ,P (V) =Grl (V) is also called
the projective space associated to V . Later we shall introduce a topology
and a manifold structure on Grk ( V') . Then the name Grassmann

manifold will be justified .

If LG Hom (V, W) is a linear transformation , then the image im L =
{L(v)]|vGV}ofLisa linear subspace in W, and the kernel ker L =
{vGV|L(v)=0}of Lisalinear subspace inV . Therank rk L of L is

the dimension of im L .

For an element v G V of a linear space V , we define translation Tv by v
asthemap Tv: VAV, Tv (x)=x+v. Translations by a non - zero
vector are not linear transformations . If W is a linear subspace of V then
two translates of W are either equal or disjoint . The set V /W = {Tv (W
) | v G V} of translates of W carries a linear space structure defined by
ATV1 (W) +pTV2 (W) =T\WVI+MV2 (W) . ( Check that the
definition is correct . ) The linear space VV / W is called the factor space
of V with respect to the subspace W .

The surjective linear map L: VAV /W, v/~ Tv (W) is the factor map .

Every linear map L: VW isa factormap L: VAV /(kerL)=imL
onto its image . The dimension of the factor space or the image of a

linear space can be computed by the formula
37




Notes

38

dim(V/W)=dim(V)—dim(W),rkL=dim(imL)=dim(V)
—dim (kerL).

The linear space V* = Hom (V, R) consisting of the linear functions on
V is the dual space of V. Assigning the dual space V* to a linear space
V is a contravariant functor of the category of linear spaces into itself .
This functor assigns to a linear map L: V * W the adjoint map L*: W*
V*  definedby L*(1)=1oL,wherel GV*.

If (ei,...,en)isabasisof V, then the linear functionsel G V*, (i

=1,...,n),defined by the equalities el (ej ) = <=j, where

is the Kronecker delta symbol , form a basis of V* . This basis is called
the dual basis of the basis (ei, .. .,en).

We remark that the Kronecker delta symbol 5j is also denoted by 5j and
5lj . In formulae involving the Kronecker delta symbol , we always

position the indices as dictated by the Einstein convention .

Though for a finite dimensional linear space V , the dual space V* has
the same dimension as V , there is no natural isomorphism between these
two spaces . In other words , the identical functor on the category of
finite dimen - sional linear spaces is not naturally isomorphic to the dual
space functor . On the other hand , there is a natural transformation from
the identical functor to the double dual space functor , given by the
embeddings : VAV** | (T(v))(1)=1(v),wherevGV, 6 IGV*.
The restriction of this natural trans - formation onto the category of finite

dimensional linear spaces is a natural isomorphism .

With the help of this natural isomorphism , elements of a finite
dimensional linear space V can be identified with elements of V** . With
this identification , the dual basis of the dual basis of a basis of V will be

equal to the original basis .
Determinant of Matrices and Linear Endomorphisms

Let us denote by Sn the group of all permutations of the set {1,...,n}.
For a permutation a G Sn , we denote by sgna the sign of the permutation

a,
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a(j)—a(i)rT

—  —€{-1,1}.
o

1<i<j<n

Exercise . Show that the sign of a permutation is always equal to £1 .
Prove thatsgn (aloa2)=sgn(al)esgn(a2).

Some important properties of the determinant are summarized in the

following proposition .

Proposition If all but one columns of a square matrix are fixed , , then the

determinant is a linear function of the varying column . This means that

if we denote by (ai, .. ., an) the square matrix with column vectors al
,. ..,an € Rn, then
det(al,...,Aaj+paj,...,an)—Adet(al,...,aj,...,an)+p
det(al,...,a,...,an).

When we permute the columns of a square matrix the determinant is

multiplied by the sign of the permutation ,i.e.,
det (aCT (i),...,aCT(,,))=sgnadet(al,...,an)foralla€ Sn.

The value of the determinant does not change if an arbitrary multiple of a

column is added to another column .

The determinant of a matrix vanishes if and only if its columns are lin -

early dependent .

A square matrix A and its transposition AT , that is the reflection of A in

the main diagonal , have the same determinant
det A =det AT.

As a consequence , properties also if the columns are replaced by rows .
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The determinant of an upper or lower triangular matrix is the product of

the diagonal elements .

Recall that the product AB of two n x n matrices A and Bisalsoannxn
matrix . The determinants of A , B and AB are related to one another as

follows .
Proposition det (AB) =det (A)<det(B).

Proposition . Let L: V ”* V be a linear endomorphism of the linear space
V . Choose two bases (ei,. ..,en)and (fi, ..., fn)of Vand
consider the matrices [L]e = (1j) i<j, j<nand [L]f = () i<j, j<n with

respect to these bases respectively . Then det ([L]e ) =det ([L]f) .

Proof . Let S: V ” V be the invertible linear endomorphism which takes
the basis vector ej to the basis vector fi for all i . Denote by [S]e = (sj)
I<i, j<n the matrix of S with respect to the basis (el,...,en). ThenL (
ej)=Eljej, L(fj)=EIljfj,S(ej)

j=land Comparing the coefficients we obtainICC'j sk = Y1Y . jj f°rall 1

<i,k<

j =1 fc=1which means that [L]f [S]e = [S]e[L]e . Taking the determinant

of both sides we obtain
det ([L]f) det ([S]e) =det ([S]e) det ([L]e).

Since the columns of [S]e are linearly independent , as they are the
coordinate vectors of the basis vectors fi with respect to the basis (el, . .
., en ), the deter - minant of [S]e is nonzero . Thus , equation implies the
proposition . o

Definition . The determinant of a linear endomorphism L : V ~ V is the

determinant of the matrix of L with respect to an arbitrary basis of V .
IS The definition is correct according to the previous proposition .

Definition . The complexification C <g ) V of a linear space V over R is

the set of formal linear combinations v + iw , wherev, wG V. IS




C (g > Visa linear space of dimension 2 dim V , which contains V as a
linear subspace . Elements of the complexification can also be multiplied

by complex numbers as follows

(x+iy)(v+iw)=(xv—yw)+i(xw+yv).

A linear endomorphism of L: V ”* V can be extended to the
complexification by the formulaL (v+iw)=L(v)+iL(w).

Definition . A non - zero vector z = v+iw = 0 of the complexification of a
linear space V is an eigenvector of the linear endomorphism L: V * V if
there is a complex number A G C suchthat L (z) = Az . The number A
is called the eigenvalue corresponding to the eigenvector z . A complex
number is an eigenvalue of L if there is an eigenvector to which it

corresponds .

Proposition . A complex number A is an eigenvalue of the linear
transformation L: V~ Vifand only ifdet (L — Aidy)=0. An
eigenvalue A is real if and only if there is an eigenvector in V with

eigenvalue A .

Definition . The characteristic polynomial of a linear endomorphism L:
V AV is the polynomial pL (A) =det (L —AidV ). Similarly , the
character - istic polynomial of an n x n matrix A is the polynomial pa ( A
)=det(A— A/,,), where Inis the n x n unit matrix . The algebraic
multiplicity of an eigenvalue is its multiplicity as a root of the
characteristic polynomial .

The coefficients of the characteristic polynomial of a matrix A can be ex
- pressed as polynomials of the matrix elements . They can also be

expressed in terms of the eigenvalues Ai , . . ., An using the factorization
PA(A)=(Al—A)s*+(An—A).

Comparing these expressions we can relate elementary symmetric
polynomi - als of the eigenvalues to some matrix invariants . For
example , the constant term of the characteristic polynomial of the matrix
Ais

detA=pa(0)=Aise*An.
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The coefficient of (—A ) n-iinpa (A) is equal to the sum of the

diagonal elements of the matrix and also to the sum of the eigenvalues .

Definition . The trace of a matrix A = (a") i<i, j<n is the number

trA="2au,
i=1

which is also equal to the sum of the eigenvalues of A . The trace of a
linear endomorphism is the trace of its matrix with respect to an arbitrary

basis .

9.3 ORIENTATION OF A LINEAR SPACE

Definition . Let (vi,...,vk)and (wi, ..., wk) be two ordered bases
of a linear space V . We say that they have the same orientation or they
define the same orientation of V , if the k x k matrix ( aj ) defined by the

system of equalities

k

vi=agWjfori=1,2,... ,k
3=1

has positive determinant .

"Having the same orientation™ is an equivalence relation on ordered
bases , and there are two equivalence classes . A choice of one of the
equivalence classes , the elements of which will be called then positively

oriented bases , is an orientation of \VV .

Definition . The standard orientation of Rn is the orientation defined

by the ordered basisel,...,en,whereei=(0,...,0,1,0...0).
IS

Tensor Product
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Definition . Let V, W and Z be linear spaces . A map B: V XW " Z is

said to be a bilinear map if it is linear in both variables ,i.e ., if it

satisfies the identities
B(Avl+pv2,w)=AB(vl,w)+pB(v2,w)and
B(v,Awl+pw2)=AB(v,wl)+pB(v,w2). %

Definition . The tensor product of the linear spaces V and W is a linear
space V --> W together with a bilinear map >: VXW~*V --> W,
(v,w)”v(g>w, such that for any bilinear map B: V x W * Z , there
is a unique linear map L: V ( g> W ™ Z which makes the diagram

VXWO0)V<g>W
L

VXWB)Z
commutative .

One can consider the category of bilinear maps defined on V x W , in
which the objects are the bilinear maps , a morphism between the bilinear
maps Bi: VXW " Ziand B2: VX W " Z2 is a linear map L: Z\* Z2 , for

which the diagram

XW-1)Zi
L
XW—)Zz2

is commutative . In general , an object X of a category is called an initial
object , if for any other object Y of the category , there is a unique
morphism form X to Y . Using this terminology , the tensor product of
the linear spaces V and W is the initial object of the category of bilinear
maps on V x W . It is a simple exercise playing with arrows , that up to
isomorphism , a category can have at most one initial object . However ,
initial objects do not exist in all categories . Existence of initial objects

are always shown by explicit constructions in the given category .
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To construct the tensor product explicitly , one first considers the linear
space FV xw generated freely by the elements of V x W . More explicitly
, FV XW is the linear space of all formal linear combinations Ai (vi , wi
) +ee-+ Ak (Vvk,wk) of some pairs (vj, Wj) GV x W with real
coefficients Aj G R . Then we take the smallest linear subspace Z of FV

XW that contains all elements of the form

(vi+v2,w)—(vi,w)—(v2,w), (w,vi+v2)—(w,vi)—(
w,v2),A(v,w)—(Av,w),A(v,w)—(v,Aw)

forallv,vi,v2GV,w,wi, w2GW ,AGR.SetVOW=FVxW/Z
and let O: V x W~V O W be the composition of the embedding V x W *
FV xW and the factor map FV xW *FV xW / Z . It is not difficult to
check that the bilinear map O: V x W~V O W is an initial object of the
category of bilinear mapson V x W .

It is known that ifei,...,enisabasisof V, fi, ..., fmisa basis of W
, then the vectors {ej (g>fj|1<i<n,1l<j<m}formabasisof V (g>
W . In particular , dim (VO W ) =dim (V) dim (W).

The tensor product construction can be thought of as a functor from the
category of pairs of linear spaces to the category of linear spaces In the
category of pairs of linear spaces a morphism from the pair ( Vi, V2) to
the pair (Wi, W2) is a pair ( Li, L2) of linear maps , where Li: Vi Wi
and L2 : V2~ W2 . Tensor product as a functor assigns to a pair ( Vi, V2
) the tensor product Vi O V2 and to the pair of linear maps ( Li, L2 ) the
linear map LiO L2 : Vi O V2"Wi O W2, where the tensor product Li
O L2 of the linear maps Li and L2 is defined as the unique linear map for
which

Li <g> L2 (vi<8>V2)=Li(vi)<g>L2(v2).

Definition 1.2 .21 . Let V be an n dimensional linear space and V* its
dual space . The tensor product T (k,1)V=V*--> -- - (g>V™* -
-> V~-Cg>V will be

" V (1] V 1

k times| times




called the linear space of tensors of type (k, 1) . Weagreethat T (0,0)
V is equal to the ground field R . is

Ifel,...,enisabasisof V,el,...,enisitsdual basis, then the type
(k,lI)tensorsejlj=e-->1-->-->ceifc -->¢gjl -->--> ¢]
formabasisof T (k, 1) V. In the special case k = | = 0 the basis vector
eof T(0,0)isthe unitelement of R. The directsum==>m=0t(k,1
) V can be equipped with a bilinear associative tensor multiplication ,
which turns it into an associative algebra . Tensor product is defined on
the basis vectors by the formula

e-->1""' --> fc<S?>ePl" ' Pr=e--> 1"' --> fc P1""Prejl"jl -

->eql"'qgsej1"jigl™ gs.

IFT="""00k1, ™, jI=1T)3" " jejl " "j is a tensor of type (k, 1), then
the num - bers Tj1 " - - > jjl are called the coordinates or components of
the tensor T with respect to the basisei,. .., en.

Exercise . How are the coordinates of a tensor transformed when we
change the basis ei, ..., ento anotherone fi, ..., fn,wheref--> =

n=i ajej?
Show that if ( bj ) is the inverse matrix of the matrix ( aj ) , then
nn

f-->=b-->ejf--> 1""ifc= a--> 1aifcebql bgfc - eP1" Pfc

AN

1=Z"bje,j "jl = aPl...aPfchjl...bjfceql" 'ql.

Exercise . Find all t*e'l"yS ) aildrtype (1, 1) tensors , the coordinates of
which do not depend on the choice of the basis .

Exercise . The coordinates of atype (0,2 ) oratype (1, 1) tensor can
always be arranged into an n x n matrix . Do the trace and determinant of

this matrix depend on the choice of the basis?

Exercise . Atype (2,0)oratype (0, 2) tensor is said to be non -

degenerate if the n x n matrix built from its coordinates with respect to a
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basis has non - zero determinant . Show that non - degeneracy does not

depend on the choice of the basis .

Exercise . Let <= be a non - degenerate tensor of type (0, 2) . Show that
there is a unique type (2, 0) tensor n such that the n x n matrices built
from the coordinates of <= and n with respect to any basis are inverses of

one another .

Exercise . Construct natural isomorphisms between the following linear

Spaces:
(VCW)*=V*CW*

Hom (V,W)=V*CW, in particular ,End (V)=T(1,1)Vand
Hom (v,V*)=T(20)V,

(T(k,)V)*=T(k,1)V*=T(l,k)V,

{(Vxeeex V¥x V¥xeeex V¥AR (k+1)-linear functions} =T (k,
1) V;

k timesl| times

{Vxeeex V¥ "Wk-linear maps intoW} =T (k,0)VCW,;

k times

{Vxeeex V¥ Vk-linearmapsintoV}=T (k,1)V,

k times

Hom (T(K1)V,T(pq)V)=T(l+p.k+q) V.

Remark . We explain what naturality of an isomorphism means for case .

For other cases a similar definition can be given . Consider the cate -
gory of pairs of linear spaces , in which the objects are pairs (V , W) of
linear spaces , the morphisms from (V1,W1)to (V2,W2) are pairs (
$, T) of isomor - phisms T: V1~V2and T: W1 W2 . Both F1: (V,
W)AHom (V,W)and F2: (V,W) "V *C W are functors from this
category to the category of linear spaces . If ($, T ) is a morphism from
(V1,W1)to(V2,W2),then the linear map F1 ($,T): Hom (V1,
W1)"~Hom (V2,W2) assigns to the lin - ear map L: V1 W1 the




Notes
linearmap ToLoT-1GHom(V2,W2),whileF2($,T):V*C

W12 V2* CW2is the linear map (T -1) * C T . The statement that
there is a natural isomorphism between Hom (V, W) and V* CW
means that there is a natural isomorphism between the functors F1 and
F2.

There is a more practical ( but less formal ) way to characterize natural
isomor - phisms . A natural isomorphism between two linear spaces is an
isomorphism for which the image of an element can be described
uniquely by a set of instructions or formulae . If the definition of an
isomorphism involves the random choice of a basis , for example , then it
may not be natural , since the image of an element may depend on the
choice of the basis . On the other hand , the definition of a natural
isomorphism is allowed to contain random choices , but to prove
naturality , we have to check that the image of an element does not

depend on the random variables .

9.4 EXTERIOR POWERS

Denote by Sk the group of all permutations of the set {1, ..., k}.
Definition . Let VV and W be linear spaces , k G N . A k - linear map K:
Vk=V xeeex VW

N \Y; '
k times

is said to be alternating if for any permutation a G Sk and any k vectors

Vi,...,vkGV, we have
K(vCT(i),...,vCT(k))=sgna*K(vi,...,VK).

Alternating k - linear maps on a given linear space V form a category . A
morphism from an alternating k - linear map K1: Vk * W1 to another one
K2 :VKk"W?2is alinear map L: W1~ W2 such that K2=L o K1.

Definition . The kth exterior power of a linear space V is an initial object

of the category of alternating k - linear maps on V . In other words , it is
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a linear space Ak V together with an alternating k - linear map Ak : Vk »
AKV, (vl,...,vk)”"vl Ae«eeAvk,such that for any alternating k -
linear map K: Vk W , there is a unique linear map L: AkV * W for

which

Vk Afc > AkV
L

VK K)W

IS commutative .

The element vl A - "Avk G Ak V is called the exterior product or wedge
product of the vectors vl , ..., vk. Elements of Ak V are called k -
vectors . The words bivector and trivector are also used for 2 - vectors

and 3 - vectors respectively .

Is Uniqueness of the exterior power up to isomorphism follows from
uniqueness of initial objects . Existence is proved by an explicit
construction as follows . Consider the kth tensor power T (0, k) V and
the k - linear map Ck: VKT (0k)V, (v1,... ,vk)"vl<g)ee-
<g) vk . By the universal property of the tensor product , this is an initial
object of the category of k - linear maps on V . Denote by Wk <T (0, k
) V the linear hull of the set of elements of the form

vl <g>eee<g>vk-sgna*vCT(1)Ce+*CvCT (k),wherevd GV
,aG &k.

Let AkV be the factor space T (0, k) V/ Wk and Ak: Vk * AkV be the
com - position of Ck with the factor map *k : T (0, k)VAT(0,k)V/
WK . It can be checked that Ak : VK~ Ak V is indeed an initial object of

the category of alternating k - linear maps on 'V .
Proposition . Assume thatei, ..., enisabasisof V. Then

{eN Aeee Acifc|1<ii<eee<ik <n} isabasis of Ak V. In particular,
dimAkV=(").

The following formula has many applications .
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Proposition . Suppose that the vectors vi , . . ., VK can be expressed as a
linear combination of the vectors wi, .. ., Wk as follows
Vi=clwi+ +ckwk, (i=1, ... ,k).

Then The next statement is a corollary of the previous two ones .

Proposition . The vectors vi, .. ., Vk are linearly independent if and
onlyif ViA e+« A Vk=0. Two linearly independent k - tuples of
vectors Vi, ..., Vkand Wi, . .., Wk span the same k - dimensional
linear subspace if and only if ViA s e+ A Vk=ce*wiA e+ A Wk for
some ¢ G R\ {0} . In addition , these two collections are bases of the

same orientation in the linear space they span if and only ifc >0 .

Corollary . The Grassmann manifold Grk ( V') can be embedded into the
projective space P ( Ak V') by assigning to the k - dimensional subspace
span - ned by the linearly independent vectors Vi, ..., Vkthe 1 -
dimensional linear - space spanned by Vi A <« « A Vk . This embedding
is called the Pliicker embedding .

Corollary . There is a natural one - to - one correspondence between
orientations of a k - dimensional linear subspace W of an n - dimensional
lin - ear space V and orientations of the 1 - dimensional linear subspace
of Ak (V) assigned to W by the Pliicker embedding .

The direct sum A* (V) = 0Ak (V) of all the exterior powers of V be -

comes an associative algebra with multiplication A defined uniquely by

the rule

(AK(Vi, ... ,VK))A(A; (VK+i, ... ,Vk+l))=Ak+ (Vi, .
. VKH) VK, IGN; Vi, .. ., vk+iG V.

As we have

Ak (vi,. .., VK)=ViA.. . A VK

for any k vectorsvi, ..., vk GV, we may (and we shall ) denote the

multi - plication A simply by A without causing confusion with the
earlier notation AK (vi, ...,vk)=viAese+ A Vk.
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Definition . The associative algebra (A* (V) , A) is the exterior algebra

or Grassmann algebra of V.
Exterior Powers and Alternating Tensors

Let us analyze the factor map fk : T (0'k) (V)™ Ak (V) to obtain
another con - struction of the kth exterior power of V', which is , of
course , naturally isomor - phic to the first construction . The permutation
group Sk has a representa - tion on the tensor space T (0>k ) V. The
representation T: SK*GL (T (0>k) V) ,ai==>-isgivenon

decomposable tensors as follows:
(v4l <g>eee<g>vifc)=\a{il) ==>eee==>va(ik).

Definition . A tensor T of type (0, k) is called symmetric if <FCT (T)
=T for any permutation a G Sk . T is said to be alternating if ( T) =sgn (
a) T for all a G Sk . We shall use the notation Sk (V)C T (0,k) (V
) for the linear space of symmetric tensors ,and Ak (V)CT(0,k) (V

) for the linear space of alternating tensors .
Exercise . Showthat T (°.2)(V)=S2(V) ==>A2(V).G
Exercise . Show that dimSk (V) =(n+ll-1),wheren=dimV .G

Hint: Find an isomorphism between Sk ( V') and homogeneous

polynomials of degree k in n variables .

Exercise . Compute the dimension of Ak (V). G

Define the linearmap nk : T (0>k) VAT (0>k) (V) by the formula
nk(T)="sgn(a)3CT(T).

CTGSfc

Proposition . The image of the map nk is Ak (V) . The kernel of nk is
Wk = ker fk , where fk : T (0>k) VAT (0,k) V/Wk =AK V is the
factor map we defined in the construction of AkV . The map nk / k! is a

projection onto

Ak (V).
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Proof . It is not difficult to check that im nk contains only alternating

tensors , and if T is alternating , thennk (T ) =K!T ,soimnk = Ak (V)
and (nk) / k! is a projection of T (0>k ) V onto Ak (V).

Ifvi==>eee==>vk—sgnae(Vvi==>¢ee¢==>vk)Iisagenerator of

WKk , then denoting vi ==>eee==>vk by T

nk (T—sgna”(T)))=Esgna*(T)—Esgna"*$,,, (T)=0,
aE&k a//=a/oaE&k

thus , ker nk D Wk . Conversely , if T G ker nk , then
T=KE(T—sgnae*(T)).

ae&k

Since the image of the linear map (I —sgn a ¢ ) is in Wk for any a G Sk
by the definition of Wk , the above expression for T shows that T is also
in WK .

According to the proposition ,
T(Ok)(V)=Ak(V) ==>WKkK,

therefore , the factor space Ak (V) =T (0, k) (V) / Wk is naturally
isomorphic to Ak (V') . There are two different ways to identify these
two linear spaces . One is to identify them with the restriction Ak = Ak
Afc (V) of the factor map

Akt (k) (V) AA" (V) onto Ak (V).

We can also define another natural isomorphism using the universal

property of the exterior power . Since the map
nko==>k:VK*"Ak (V), (Vi,...,vk)*nk (Vvi==>eee==>vk)

is an alternating k - linear map , by the universal property of the exterior

power , there is an induced linear map ak : Ak (V) * Ak (V) such that
«K(viAeees Avk)Ank(Vvi==>eee==>VK).

Since
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Ak («k (viAeeeAvk)=EsgnasvCT (i)As**AvCT (k)=k!-
ViAeee Avk,

CTGSfc
a-i=Ak/k!.

It is a matter of taste which isomorphism is used to identify wedge
products of vectors with alternating tensors , but to avoid confusion , we
should choose one of the identifications and then insist on that for the
rest of the discussion . Making this decision , from now on we use ak to
identify Ak (V) and Ak (V) . Nevertheless , one should be aware of the
fact that some authors prefer the identification by Ak .

Taking the direct sum of the linear isomorphisms ak : Ak (V)" Ak (V)
, We obtain a linear isomorphism a*: A* (V) * A* (V) between the
direct sum A* (V) = 0Ak ( V) and the Grassmann algebra of V . Using
this iso - morphism , we can define an associative multiplication A on A*
(V)settingTiAT2=a*(a-1(Ti)Aa-1"))forTi, T2€A* (V).
More explicitly , if TI€ Ak (V) ,T2€A; (V) ,thenTi=(Ti)/ k!, T2
=n™)//',and

TLIAT2=ak+ (Pk(TL)A3(T2))=kiTHak+i ("k (T1)A3(T2)
) = ak+i (*k+i (TLG T2))

KU (K+1) 1ak+i (Ak+l (nk+l (TLG T2)))

—k!'ml! m(k+1)!ak+i (pk+i (nk+i (TLGT2)))=KITHnk+i (T1 G
T2).

Exercise . How should we modify the formula for T1 A T2 if we used the
isomorphisms f3k to identify A* (V) with A* (V) ?

Exercise . Find a natural isomorphism
Ak (V1==>V2)-0Ar(V1)GAs(V2).
r+s =k

Exterior Powers of the Dual Space and Alternating Forms




As we saw above , there is a natural identification a*: A* (V) "A* (V)
for any finite dimensional linear space V . Let us apply this identification
to the dual space V* of V. To simplify notation , set Ak (V) = Ak (V*
),A* (V) =A*(V*),and letak, a*, 3k and 3* be the isomorphisms
analogous to ak , a* , 3k and 3* respectively , obtained when V is

replaced by the dual space V* .

Proposition . The linear space T (k>0) ( V) is naturally isomorphic to
the linear space K of k - linear functions from Vk to R . Under this
isomor - phism Ak (V) < T (k. °) (V) corresponds to the linear space

of alternating k - linear functionson 'V .

Proof . The first part of the statement is a special case of Exercise and

can be proved .

Assignto (11,...,1k) € (V*) kthe k - linear function*k (11, ...,
1k ) € K given by the equality

AR(IL, . TK) (VL . vk) =11 (VD) mmm Ik (vK) .

Since "k (11, ..., 1k) depends on each Zj € V* linearly , *k: (V*) k"
K is k - linear and induces a unique linear map Tk: T (k>0) V * K such
that "k = Tk 0 Ck .

We show that Tk is an isomorphism . Choose a basisei,...,enof V.
Then

Tk(e*-ik)(edl,...,j~(eN,...,eik)(eJ1,...,elfc)

=edl (ejl) eeccifc (ejk)=jeej,

where <= j is the Kronecker delta symbol , thus ,
|[ETil...ikeil..ik1(ejl,..., ejfc)=<= AJ - N eee j=Tixj .
il,...,ik=1] il,...,ik=1

Since a k linear function is uniquely determined by its values on k -
tuples of basis vectors , this equality shows that the unique preimage of a
k - linear function t : VK R is the tensor
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(TK)-1(t)="t(eil,... eik)eil...ik.il,..., ik=1

If a € Sk is a permutation , then

((*k)-1(t))=<=t(eil,... eik)e*(il)"-(ik)il?...?ifc—

1n
="3t(eCT—1(il), ... ,eCT—1(ik) )elk,
i1?...%2k—1

which shows that ( Tk ) - i ( T) is an alternating tensor if and only if t is

an alternating k - linear function .

Definition . Alternating k - linear functions on a linear space V are called

alternating k - forms or shortly k - formson 'V . IS

The composition of the isomorphisms Tk and ak yields a natural
isomorphism between Ak ( V*) and the linear space of alternating k -
forms on V . Using this natural isomorphism we shall identify the
elements of the two linear spaces . If 11, ... ,lk € V * are linear

functionsonV , then 11 A « « * A Ik as a k - form assigns to the vectors

vl,..., vk €V the number
liAeee Alk(Vi, ..., VK)=(nk(li<g>eee<g>Ilk))(Vvi,. .., VK
)

/i (Vi) eesli (VK) N
— 53 sgna=la (i) (Vi)eICT (k) (VK) = det

\IK (Vi) see Tk (VK)

9.5 EUCLIDEAN LINEAR SPACES

We know that k - linear functions on a linear space V are naturally
identified with tensors of type (k, 0) . A k - linear function is
symmetric if and only if the corresponding tensor is symmetric , or ,
equivalently , if the value of the function does not change when we

permute its variables .
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Definition . A symmetric bilinear function (,) : V x V"R is called
positive definite if (v, v) >0 for all v G V and equality occurs only

whenv=0. s

Definition . A Euclidean linear space is a finite dimensional linear space
V equipped with a positive definite symmetric bilinear function (, ),

which is usually called the inner product or dot product .

For example , Rn with the standard dot product

((xi, ..., Xn), (yi,...,Vn))=Xiyi+ +XnVu
on it is a Euclidean vector space .

The dot product enables us to define the length of a vector .

Definition . The length or Euclidean norm of a vector v in a Eu - clidean
space V is

IMI =. *

Proposition ( Cauchy - Schwarz Inequality ) . For any two vectors v and

w in a Euclidean space V , we have
| Cyw ) [ < vl = [Iw]] -
Equality holds if and only if v and w are linearly dependent .

Proof . If v =0, then both sides are equal to 0 and the vectors are linearly

dependent . If v =0, then consider the quadratic polynomial
P(t)=tv+w|2=]|V|2t2+2 (Vv,w)t+]|w]|2.

SinceP (t)>0forallt,
Pl_(v,w)\=2¢(v,w)2_2(vw)-eivwl + 1l w2
PVIVI2; ViV 2 (v, w) V]2 +w]

V,W?2

=+"w"2>0,

which gives the Cauchy - Schwarz inequality after rearrangement .

Notes
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P(_iviw)
-V+Ww

which implies that w = v, so v and w are linearly dependent . It is also
clear that if w = Av, then both sides of the Cauchy - Schwarz inequality

are equal to A||v||2 .

Corollary . For any two vectors v, w G V , we have

v +wl <Iv]| + [l and [[V]] - [Iw]| < |v - w] .

Proof . The first inequality is equivalent to the inequality

v +wll = 1IvlI2 + 2 (vw ) +HlIwlI2 < TIv]l +liw]l = M2 + 2lIvIHIw]|l +IM”

which follows form the Cauchy - Schwarz inequality . The second
inequality is a corollary of the first one applied to the pairs (v, w—V)

and (w,v—w).DO

Definition . If v and w are nonzero vectors , then there is a uniquely

defined number a G [0, n] for which
(v,w)

The number a is called the angle enclosed by the vectors v and w (

measured in radians ) .

Definition . Two non - zero vectors are orthogonal if the angle enclosed
by them is n/ 2 . Orthogonality of two non - zero vectors is equivalent to
the condition (v, w) =0 . Since the latter equation is automatically
fulfilled when v =0, we agree , that 0 is said to be orthogonal to every

vector .

Definition . A collection of some vectorsei, .. ., ek of a Euclidean
linear space V is said to be an orthonormal system if (e$, ej ) = Aj for
all 1<i,j<k,i.e.,ifthe vectors have unit length and are mutually

orthogonal to one another .

Theorem ( Gram - Schmidt Orthogonalization ) . Assume that the vec -

tors fi, ..., fk of a Euclidean linear space V are linearly independent




then there is a unique orthonormal system of vectorsei,. .., e"

satisfying the fol - lowing two properties:

lin[{fi,..., fs}] =Ilin[{ei,...,es}jfors=1,...,k;

Fors=1,. ..,k,theordereds - tuples of vectors (fi, .. .,fs)and (
ei,. .., es)are bases of the same orientation in the linear space they
span .

Proof . According to condition , each vector es must be a linear

combination
offi,..., fs
ei=af ,ek=ak fi+ak f2+ + akffc.

Condition on the orientation is fulfilled if and only if which means that
all the diagonal elements a ss must be positive .

We prove the theorem by induction on k and give an explicit recursive
formula for the computation of the vector es . For k =1, since el must

be a unit vector and a 11 must be positive , the only good choice for el

isel
Suppose that the theorem is true for k — 1. Then for fi, . .., fk—i we
can find an orthonormal systemel, . . . , ek—1 satisfying (i) and (ii

) for 1 <s<k-1.Then ek must be of the form
ek = (~cei+ * ¢ » + Pk iefc—i ) + afcfk .

Taking the dot product of both sidesof (1.6 ) withej (1<i<k—1),

we obtain

0=pj+akf,ei),

consequently ,

ek=ak (fk — ((fk,el)el +eee+(ffc,efc_i)efc in.

The parameter ak must be used to normalize the vector which stands on
the right of it . Thus,

ak = +lIfk — ((fkjel) el +eos+ (fkjek-1)ek-i)y1.

Notes
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Since ak > 0, the only possible choice of ek is
fk —((fkjel)el +eee+(fkjek-1)ek-1)
ek =

[fk- ((fk,el)el+ +(fk,ek-1)ek-1)

It is not difficult to check that the vectorsel , . .., ek will satisfy the

requirements .

Applying the Gram - Schmidt orthogonalization to a basis we obtain the

fol - lowing corollary .

Corollary Every finite dimensional Euclidean linear space has an

orthonormal basis .

Definition . The Gram matrix of a system of vectorsf1,. .., fkofa

Euclidean linear space V is the matrix
ffl) ... (f1,fk)N
G(fl,...jfk)=

V (fkjfl) ... (fk,fk),

Corollary . Let G be the Gram matrix of the vectorsf1,...,fkofa
Euclidean linear space V . Then det G >0, and det G = 0 if and only if
the vectors f1, .. ., fk are linearly dependent .

Proof . If there is a non - trivial linear relation ~k=1 af = 0 , then the rows
of G are linearly dependent with the same coefficients al therefore det G
=0.Iffl,..., fkare linearly independent , then applying the Gram -

Schmidt orthogonalization to them we obtain an orthonormal system el j

. . .J ek and we can express the vectors fs as follows

fl=a"
fs=aM+ + a’es
e ~1 ~2 ~k

fk =akel+ake2+ +akek.




Notes
The lower triangular matrix T put together from the coefficients aj is the

inverse of the matrix coming from the decompositions , in particular
Corollary . With the notation used in Corollary the identity

sl

detG(fi,...,fs)=fs-Jfei)eidetG(fi,.,fs-i)

i=1

holds . Corollary . A symmetric bilinear function (, ) on a linear space V

is positive definite if and only if there is a basis fi , . . ., fn such that the
Gram matrices G (fi, .. ., fs) have positive determinants fors =1, . .
N,

Proof . The previous proposition shows that if (, ) is positive definite ,

then any basis will be good . Conversely , assume thatfi, ..., fnisa
basis such that G (fi,...,fs)>0fors=1,...,n. Then the recursive
formula

existence of an orthonormal basis implies that is positive definite ,
because if v = n=i viei , then (v, v)="™=j (vi) 2 >0, and equality

holds only when
v=0.
Check your Progress 1

Discuss Linear Algebra

Discuss Euclidean Linear Spaces
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9.6 LET US SUM UP

In this unit we have discussed the definition and example Linear Algebra
, Orientation of Linear Space , Exterior Powers , Euclidean linear spaces

9.7 KEYWORDS

Linear Algebra ... Linear Spaces and Linear Maps

Orientation of Linear Space ....A set V is a linear space , Or vector space
over R if V is equipped with a binary operation Let (vi, ..., vk)and (
wi, ..., wk) be two ordered bases of a linear space V . We say that they
have the same orientation or they define the same orientation of V , if the

k x k matrix ( aj ) defined by the system of equalities

Exterior Powers ..... Denote by Sk the group of all permutations of the
set{l,...,k}

Euclidean linear spaces..... A symmetric bilinear function (,) : VxV~*
R is called positive definite if (v, v) >0 for all v G V and equality

occurs only whenv =0 is

9.8 QUESTIONS FOR REVIEW

Explain Linear Algebra , Euclidean linear spaces

9.9 SUGGESTED READINGS

Differential Geometry, Differential Geometry & Application,
Introduction to Defferential Geometry, Basic of Differential Geometry.

9.10 ANSWERS TO CHECK YOUR
PROGRESS

Linear Algebra , Euclidean linear spaces
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UNIT - 10 : THE NOTION OF A
CURVE

STRUCTURE

10.0 Objectives

10.1 Introduction

10.2  The Notion Of A Curve

10.3 The Length Of A Curve

10.4 Crofton's Formula,

10.5 Crofton Formula For Spherical Curves ,

10.6 Frenet Frames & Curvatures The Fundamental Theorem Of Curve
Theory

10.7 Let Us Sum Up

10.8 Keywords

10.9 Questions For Review

10.10 Suggested Readings

10.11 Answers To Check Your Progress

10.0 OBJECTIVES

After studying this unit , you should be able to:
Understand about The Notion Of A Curve ,
The Length Of A Curve ,

e Formula,
e Crofton Formula For Spherical Curves,
e Frenet Frames And Curvatures The Fundamental Theorem Of

Curve Theory

10.1 INTRODUCTION

Differential geometry arose and developed as a result of and in

connection to the mathematical analysis of curves and surfaces
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Mathematical analysis of curves and surfaces had been developed to
answer some of unanswered questions that appeared in calculus like the
reasons for relationships between complex shapes and curves , series
and analytic functions The Notion Of A Curve , The Length Of A Curve
, Crofton's Formula , Crofton Formula For Spherical Curves , Frenet

Frames And Curvatures The Fundamental Theorem Of Curve Theory

10.2THE NOTION OF A CURVE

In elementary geometry , one meets a lot of examples of curves: straight
lines , circles , conic sections , cubic curves , graphs of functions defined
on an interval or the whole real line , intersections of surfaces etc . Based
on these examples everyone gets the feeling of what a curve is , however
, It is not easy to give an exact definition of a curve which is satisfactory
in all respect . To illustrate this , we give some commonly used

definitions of certain classes of curves .

Definition A simple arc in a topological space is a subset r homeo -
morphic to a closed interval [a , b] of R . A parameterization of a simple
arc is a homeomorphism [a, b] * r. Probably anyone agrees that simple
arcs are curves , but since open segments , straight lines , conic sections
and many other important examples of curves are not simple arcs , this

class of curves is too narrow .

We could define curves as finite unions of simple arcs . This wider class
includes circles , ellipses , but still excludes non - compact examples like
straight lines , hyperbolae , parabolas . Non - compact examples would
be included if we considered countable unions of simple arcs . This class
of curves seems to be wide enough , but maybe too wide . For example ,
it contains the set of all those points in Rn which have at least one
rational coordinate and it is questionable whether we could call this set a

curve .

Definition . A 1 - dimensional topological manifold with boundary is a
second countable Hausdorff topological space , in which each point has
an open neighborhood homeomorphic either to an open interval or to a
left closed , right - open interval of R .




Notes
This is a technical definition , but there is a simple description of 1 -

dimensional topological manifolds with boundary . They have a finite or
countable number of open connected components and each connected
component is homeomorphic either to an open , closed , or half - closed

interval , or to a circle .

The class of 1 - dimensional manifolds with boundary is wider than the
class of simple arcs , it includes much more important examples of
curves , but as it fixes the local structure of a curve quite strictly , it
excludes examples of curves ha / ving certain kind of singularities . For
example , figure - eight shaped curves , like Bernoulli's lemniscate are
not a topological manifolds , because the self - intersection point in the

middle does not have a neighborhood with the required property .

Definition . An algebraic plane curve in R2 is the set of solutions of a
polynomial equation P ( x,y) =0, where P =0 is a polynomial in two

variables with real coefficients .

Algebraic plane curves may have a finite number of singular points , for
example self intersections , so they are not necessarily 1 - dimensional
manifolds , but removing the singular points , the remaining setisa 1 -
dimensional manifold , maybe empty . On the other hand , algebraic
curves are very specific curves . For example , if a straight line intersects
an algebraic curve in an infinite number of points , then it is contained in
the curve . In particular the graphs periodic non - constant functions (

like the sine function ) are not an algebraic curves .

One can also define curves as 1 - dimensional topological or metric
spaces . For such a definition one must have a proper notion of
dimension . Possible definitions of dimension for a topological or metric
space are discussed in a branch of topology called dimension theory , and
within the framework of geometric measure theory . These theories are
out of the main focus of this textbook .

All the above definitions define curves as topological spaces or subsets
of topological spaces having a certain property satisfied by a sufficiently

large family of known examples of curves .
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The second approach , which will be more suitable for our purposes ,
derives curves from the motion of a point . This view is reflected in the

definition of a continuous curve:

Definition . A continuous parameterized curve in a topological space is a
continuous map of an interval | into the space . The interval | can have
any of the forms (a,b), (a,b],[a,b),[a,b], (-to,b), (-to,Db]
, (a,+t0),[a,+t0), (-to,+to)=R,wherea,bGR.Ifl=[a,b],
then the images of a and b are the initial and terminal points of the curve
respectively . The path is said to connect the initial point to the terminal

point .

We stress that according to this definition , a parameterized curve is a
map and not a set of points as in the earlier definitions . However , we
can associate to any parameterized curve a subset of the ambient space ,
the set of points traced out by the moving point .

Definition . The trace or trajectory of a parameterized curve 7 : | * X is
the image of the map 7 . We say that 7 is a parameterization of the subset
A of X when A is the trace of 7 .

In many cases , the trace of a continuous parameterized curve is a curve
in one of the above sense , but there are examples , when the image is not
a curve at all . The Italian mathematician Giuseppe Peano ( 1858 - 1932 )
constructed a continuous parameterized curve that passes through each
point of a square . Such a pathology can not occur if we restrict ourselves

to smooth curves .

Definition . A smooth parameterized curve in the Euclidean space E" is a

smooth map 7: I » E" from an interval I intoE".  JS

Definition We say that the continuous curve 71: 11~ 1" is obtained from
the curve 72 : 12 ~ 1" by a reparameterization if there is a
homeomorphism f: 11 ” 12 such that 71 = y2 o f . We say that the
reparameterization preserves orientation if f is increasing . A
reparameterization is called regular if f is smooth and f' (t) = 0 for all t
G I1. Intuitively, orientation preserving reparameterizations describe

motions along the same route with different timings .




10.3 THE LENGTH OF A CURVE

Definition . The length of a continuous curve 7: [a, b] ~ 1" is the limit of
the lengths of inscribed broken lines with consecutive vertices Y (to),
Y(tl), .., Y(tN), where a=1t0 <tl <eee <tN =D and the limit is
taken as max1<i<N [tj —ti - 11 tends to zero . Provided that this limit is

finite , the curve is called rectifiable .

Exercise . Show that the limit of the lengths of the inscribed broken lines
always exists and it is equal to the supremum of the lengths . Construct a

continuous curve y : [a, b] * 12 having infinite length . D.

The following theorem yields a formula that can be used in practice to

compute the length of curves .

Theorem A smooth curve y : [a, b] 1" is always rectifiable and its
length is equal to the integral

1Y) =FIY' (t)]dt.

Proof . Denoting by x\, x2, . . ., xn the coordinate functions of x the
length of the broken line considered in Definition 2 . 2 . 1 is equal to

N AV (X)xj(ti—1))

j=1

By the Lagrange mean value theorem we can find real numbers such that
Xj(ti)xj(ti—1)xj(Cij)(tiL—1),ti —1<<tf.

Using these equalities we get

NA —El (ti —ti—1)

i=1

Fix a positive e . By Proposition 1.4 .43, foreache >0, we can find a
positive 5 such thatt, t* G [a, b]and |t —t* | <5 imply [xj (t) —Xx] (
t*)|<eforalll<j<n.

Notes
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Suppose that the approximating broken line is fine enough in the sense

that [tf — ti—1| <5 for all 1 <i < N . Then we have by the triangle

inequality
N

Exj(ti)2)—EE—ti—1)|Y /(tij=1is just an integral sum which
converges to the integral fa |y / (t) |dt when maxi [ti — ti—1| tends to
zero . that in this case the length A of the inscribed broken lines also

tends to this integral .

Lety: I~ Rn be a smooth curve , a G | be a given point . Consider the

functions: IR
s(t)=1ly (t)\dr.
Ja

s (t) is the signed length of the arc of the curve betweeny (a)andy (t)
. It is a monotone but not necessarily a strictly monotone function of t in

general . This fact motivates the following definition .

Definition . A smooth curve is said to be regular if y' (t) =0 forall t G |

If y is a regular curve , then s defines a regular reparameterization of y .
The map yes-1:s(1)”Rnisreferred to as a natural or unit speed
parameterization of the curve y or as a parameterization of y by arc

length . The second name is justified by the fact that the speed vector
(yos-D«=Y (s-1W) e («-1)'W=y (.-1«))jy—])=iYy-h
of this parameterization has unit length at each point .

Exercise . The curve cycloid is the trajectory of a peripheral point of a
circle that rolls along a straight line . Find a parameterization of the

cycloid and compute the length of one of itsarcs. D .

Sometimes it is more convenient to use the polar coordinate system in

the plane .

66




Notes
Definition . The polar coordinates (r, f) of a point (x,y) G R2 in the

plane are the distance r = \Jx2 + y2 of the point from the origin and the
direction angle f of the vector ( X, y ) . The direction angle is not defined
at the origin (0, 0), and it is defined only modulo 2n at other points .
There is no continuous choice of f for the whole punctured plane R2 \ { (
0,0)}. However, one can choose f continuously on the complement of
any closed half - line starting at the origin . E . g ., on the complement of
the half - line { (x,y)|x<0,y=0}, fcan be defined continuously by
the formula f = 2arctan ( ylG(—n,n).

Vx+v~+v v 7Cartesian coordinates can be expressed in terms of the polar

coordinates as
x=rcos(0),y=rsin(").

Exercise . Let 7: [a, b] » R2\ {0} be a smooth curve and denote by (r (t
), 0 (t)) the polar coordinates of 7 (t), where 0 (t) is chosen to be a

smooth function of t . Prove that the length of 7 is equal to the integral
fir2(t)~N2(t)+r2(t)dt.
Ja

Exercise . Find a natural reparameterization of the helix 7 (t) = (acost,
asint,bt). D

10.4 CROFTON'S FORMULA

There are more sophisticated integral formulas for the length of a curve .

In this section , we discuss some of them .
Topology and measure on the set of straight lines

Let E = AGri ( R2) be the set of straight lines in the Euclidean plane R2
.For (6,p) ER2, denote by eQ , p E E the straight line defined by the
equation x cos ($) + ysin (#) =p . As every straight line can be
defined by such an equation ,themap p: R2*"E ,p(6,p)=e$,pis
surjective . However , p is not injective sincep (0,p)=p (0, p) ifand

onlyif6 —9=knandp=(—1) kp for some integer KE Z . In
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particular , the band [0, n) X R, closed from the left and open from the
right , is mapped onto E bijectively , and a boundary point (n, p ) on its
right side corresponds to the same line as the point (0, —p ) . This
implies easily that if we equip the set E with the factor topology induced
by the surjective map p , then E will be a Mobius band without its
boundary circle , and p becomes a covering map , the universal covering
map of E . The Lebesgue measure A on R2 defines a measure v on E
with the help of the covering map p as follows . Let a subset A C E be v -
measurable ifand only if p-1 (A) n ([0, n] x R) Lebesgue measurable
andthenletv(A)=A(p-1(A)n([0,n]xR)).

Proposition . The measure Vv is invariant under the isometry group of the
plane , thatis, if T G Iso ( R2) is an arbitrary isometry , ACEisav -
measurable set of straight lines , then T ( A) is also v - measurable , and
V(A)=V(T(A)).

Proof . The isometry group of the plane is generated by the following

three types of transformations:

Rotations Ra by angle a about the origin;

Translations Ta by a vector (a, 0) parallel to the x axis;
Reflection M in the x axis .

Hence it is enough to check the invariance of the measure under these

transformations .

Itis clear that Ra (eg, p) =eg+a, p . Since the translation (6 ,p )~ (0
+a, p) preserves Lebesgue measure , the statement is true for the
rotations Ra . The action of the translation Ta on the straight line
parameters is not so simpleas Ta(eg,p ) =eg, ptacos (0),
nevertheless , as the determinant of the derivative of the transformation (
0,p)*(0,p+acos(0))is 1, thistransformation also preserves

Lebesgue measure .

Finally , the action of M on the line parameters is given by the map (0,
p)”~(—O0,p) . The latter transformation is a reflection , therefore

preserves the Lebesgue measure .




The Planar Crofton Formula

Theorem . Let7: [a, b] *R2isa Cl curve , m: E~ N U {to} is defined
bym(e)=#{tG[a,b]|7(f)Ge}.Inother words, m(e)isthe
number of intersection points of the curve 7 and the straight line e
counted with multiplicity . Then the length of 7 is

f

IY =—mdv.

J<=

Proof . Consider the C1-map h: [0, n] x[a, b] ~[0, n] x R defined by
h(0,t)=(0,x(t)cosO+y(t)sin0),

where x (t) and y (t) are the coordinates of Y (t) to h and the constant
1 function on [0, n] X R . The number of preimages of a point (6, p) €

[0, n] x R is the number m (eg, p ) of intersection points of the straight
line eg , p with the curve y counted with multiplicities . The determinant

of the derivative matrix of hat (6,t) is

det( ,,, . Cramrrrrs 04y, os] =X (t)cos6+y (t)sinb
y—X (t)sm6+y(t)cos6x (t)cos6+y (t)ysm6é6Jww
Thus , we get

/ mdv = m(eg,p)dédp=/|x"(t)cos6+y (t)sin6|dedt .
/<= .PO,nIxR aa

To compute the integral JQ [x' (t) cos 6 +y' (t) sin 6|d6 , fix the value
of t and write the speed vector 7' (t) = (x'(t),y' (t))asv(t) (cos”">
,sin>)  wherev (t)=|Y'(t)|l,”isadirection angle of the speed

vector or any angle if v (t)=0. Then
pn
J<

T

Notes
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/IxX'(t)cos6+y (t)sin6ld6=v(t) /|(cos(6—")|d6.
00

Since the absolute value of the cosine function is periodic with period n ,

the last integral does not depend on ”~ and its value is
pn pn zon /2

/|cos(6—")|d6=/|cos(6)]|d6=2/cos(6)d6=2.

Combining these equations we get

p pbpn pb

mdv=/|x"(t)cos6+y (t)sin6jdédt=2v (t)dt=21Y,jajo ja
Topology and Measure on the Set of Hyperplanes

One can generalize the planar Crofton's formula for curves in Rn . In the
higher dimensional version , we have to count the number of intersection
points of the curve with hyperplanes . Let H= AGrn - 1 ( Rn ) denote the
set of hyperplanes in Rn . Let Bn = {x € Rn | ||x]| < 1} be the unit ball
centered at the origin, Sn- 1 = {x € Rn | ||x|| =1} be its boundary sphere
. Assign to each pair (u, p) € Sn - 1 x R the hyperplane Hu p = {x € Rn |
(u,x)=p}.Themapp:Sn-1xR"H, (u,p)”Hupissurjective
and since Hup=Hu, pifandonlyif (u,p)=(u,p)or(u,p)=(—
u,—p), pisadouble covering . The map p induces a factor topology
and also a measure v on H . A subset A CH is v - measurable if and only
ifp-1(A)is(pxAl)-measurable, where p is the surface measure
on Sn -1, Al is the Lebesgue measure on the real line , and if Ais v -

measurable , then its measureisv(A)=1(pxA)1l(p-1(A)).
Crofton Formula in Rn

Theorem2.3.3.Lety:[a,b]*RnbeaClcurve,andm: H*"N U
{to} be the map assigning to a hyperplane H the numberm (H) =#{t G
[a,b]|Y (t) G H} of intersection points of the curve 7 and the
hyperplane H counted with multiplicities . Then the length of 7 is




Notes
mdv .

Wn-UH

where wn - 1 is the volume of the (n— 1) - dimensional unit ball .
Proof . The proof is analogous to the planar case . Consider the C 1 - map
h:Bnx[a,b]*BnxR,h(x,t)=(x, (x,7(t)}),

and apply Theorem to it and the constant 1 function on Bn x R, For x =

0, the number of h - preimages of ( X, p ) is the number of intersection
points of the hyperplane Hx* .
11*11'11*11

The number of h - preimages of (0, 0) istowhileforp=0h-1(0,p)
= 0. However , these values can be ignored since the set {0} x R has

measure 0 in Bn xR..

The determinant of the derivative matrix of hat (x,t) is
det (h'(x,t))=det

=(x,Y'(t)}.

Thus , Theorem yields

m ( H™* p_) dxdp

vIlFll>11*11y 1

Substituting p = ||x”pj in the second integral we see that
I (H1*1,7)dxdP =/|xllm (H[*|, p) dxdp

R

/[ Im(Hu,p)dudp=jRISn-1

n+l

To compute the integral fBn | (x, 7' (t) }dx for a fixed t, write 7' (t)
asv(t)u,wherev(t)=]Y"(t)]l,uisaunitvector. Slice the ball
with the hyperplanes Hu , T orthogonaltou . IftG[-1,1],thenHu, T
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nBnisan (n—1) - dimensional ball of radiusa /1 —t2 . Since the

function (x,y' (t) }is equal to the constant v (t) T on this ball ,
t2)(n-1)/2

[(x!(t)Hdx —Wn—1v(t)1'|(11"

/hu, tnBn

Integrating the integrals over the slices

1

F(x, 7 (t)Hdx —Wn—1v(t) /"[ (1—t2)(n1)/2dT IBn
71

=2Wn—1v (t)fT(1—T2)(n—1)/2dT

jo

0

1 tl

—1(1—T2)(n+1)/2

n+1

by Fubini's theorem . Integrating with respect to t we get
[ (x,y (t)Hdxdt=f2W++—11v (t)dt=2w+-1/7
JBnx[a,b] jan+1 n+1

which completes the proof .

10.5 CROFTON FORMULA FOR
SPHERICAL CURVES

To finish this section , we compute yet another version of the Crofton

formula for curves lying on the unit sphere Sn — 1 C Rn . This formula




will express the length of a curve using only the number of intersection
points with hyperplanes passing through the origin . The scheme of
producing the formula is the same as before .

Denote by HO = Grn — 1 ( Rn ) the set of all hyperplanes passing
through the origin . For u G Sn—1 , let Hu G HO be the hyperplane
orthogonal to u . The map p: Sn — 1~ HO, u ™ Hu is a double cover of
HO . The spherical measure p on Sn—1 induces a measure v on HO for
which A C HO is v - measurable ifand only ifp— 1 (A)isp -
measurable and if this is the case ,thenv (A)=2p (A).

Theorem . Let 7: [a, b] » Sn — 1 be a spherical curve . ForH G HO ,
denote by m ( H ) the number of intersection points of H with 7 counted

with multiplicity ,i.e.,
m(H)=#{tG[a,b]|y(t)GH}.

Then the length / Y of 7 can be obtained as the integral
2anfnf/Y= mdv= m (Hu)du,
nwWn J HO nWnJSn -1

where wn is the volume of the n - dimensional unit ball .

Proof . For a fixed t G \a, b] , any vector w G Rn can be decomposed
uniquely into the sum of two vectors so that the first vector is parallel to

y (t), the second one is orthogonal to it . The decomposition is
w=(wY (t))Y(t)+(w- (w,Y(t))Y(t)).
Consider the map

h:Bnx[a,b]*RnxR, (w,t)*(w—(w,Y (t))Y(t), (w,y(t

) ) ) encoding the two components of this decomposition .

If(x,s)GRnxRandx=0,then(w,t)Gh-1(x,s)ifandonlyif
tG[a,b]isapointsuchthaty (t) Twandw=x+sy(t). Since ||w|2
=|x||2+s2,wGBnifandonlyif (x,s) G Bn+l. Thus, the image of
h is the unit ball Bn+1 ~ Rn x R, and the number of h - preimages of ( x,
s)GBn+lis
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The determinant of the derivative matrix of hat (w, t) is
/det (h'(w,t))=det
V—(w, Y (1)) YT (t)—(w, Y (t)) Y (t)

Adding suitable multiples of the last column to the previous ones we can

eliminate the Y (t) YT (t) term from the upper left corner . Then
applying we get

=(w, Y (1)) +(w, Y (1)) (Y (L), Y (1)),

This reducestodet (h' (w,t))=(w, Y'(t))asy ison the unit sphere
, therefore

(Y 112)'=2(y,y)=0.

Applying Theorem 1. 6 . 24 for h and the constant 1 function on Bn+1
yields

I (w,Y"'(t))|dwdt=[ m (H) dxds
.laJB" i(x,s)EB"+1
Jb 2b1 — |x|2m ( HTx¥ ) dx .

The second equation comes from Fubini's theorem by slicing the ball
Bn+1 by straight lines orthogonal to the hyperplane Rn x {0} . / /\ (wr
/(t))\dwdt=—-17JaJBn n+1

According to Corollary if we denote the integral fO rn 1v /1 — r2dr by
an, then

(2Zm(H*)V/T—Wdx=2anfm (Hu)du.
JBn "X" JSn-1

The last three equations show that
=cn/m(Hu)du,

JSn—1

where cn = (n+1) an . The value of cn can be obtained by computing an
, but
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it can also be obtained by evaluating for a great circle . The length of a
great circle on Sn - 1 is 2n and almost all hyperplanes through the origin
cut a great circle in exactly 2 points , that is the set of exceptional
hyperplanes , that contain the great circle has measure 0 . This way ,

fSn—1 m ( Hu ) du for a great circle is twice the surface measure p ( Sn -

1) =nw,, of the sphere . This givesthatcn =i/ (nw,,) .
Exercise . Find a direct proof of the equations

fl

(rn 1VT—T2dr =

Jo

2k1(k1)! .fn=2,

(2k+21)1, ifn= 2k,

(2k-1)"n ifn= 2k+1n

(2k+2)112 ifn= 2k +-.

10.6 FRENET FRAMES AND
CURVATURES , THE FUNDAMENTAL
THEOREM OF CURVE THEORY

Our plan is the following . A curve of general type in Rn is not contained
in any affine subspace of dimension k <n — 1 ( prove this! ), so we
may pose the question how far it is from being contained in a k - plane .
In other words , we want to measure the deviation of the curve from its
osculating k - plane . One way to do this is that we measure how quickly
the osculating flag rotates as we travel along the curve . Since the faster
we travel along the curve the faster change we observe , it is natural to

consider the speed of rotation of the osculating flag with respect to the
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unit speed parameterization of the curve . This will lead us to quantities
that describe the way a curve is winding in space . These quantities will
be called the curvatures of the curve . There is one question of technical
character left: how can we measure the speed of rotation of an affine
subspace? This problem can be solved by introducing an orthonormal
basis at each point in such a way that the first k basis vectors span the
osculating Kk - plane at the point in question , then measuring the speed of

change of this basis .

Definition2.5.1. A (smooth ) vector field alonga curve 7: I *Rnis a
smooth mapping v: I *Rn . Is Remark . There is no formal difference
between a curve and a vector field along a curve . The difference is only
in the interpretation . When we think of a map v: |1 * Rn as a vector field
along the curve 7: I * Rn we represent ( depict ) v (t) by a directed

segment starting from 7 (t) .

Definition . A moving ( orthonormal ) frame along a curve 7: I *Rnis a
collection of n vector fields ti, . .., tnalong 7 such that (tj (t),tj (t))
=Sjforallt€l. is

There are many moving frames along a curve and most of them have
nothing to do with the geometry of the curve . This is not the case for
Frenet frames .

Definition . A moving frame t1, ..., tnalong a curve 7 is called a
Frenet frame if forallk ,1<k<n,Y (k) (t)iscontained in the linear

span of
ti(t), ..., tk(t).ss

Exercise . Construct a curve which has no Frenet frame and one with
infinitely many Frenet frames . Show that a curve of general type in Rn

has exactly 2n Frenet frames . D.

According to the exercise , a Frenet frame along a curve of general type
is almost unique . To select a distinguished Frenet frame from among all

of them , we use orientation .

Definition . A Frenet frametl, ..., tn of a curve 7 of general type in Rn

is called a distinguished Frenet frame if forallk , 1 <k <n—1, the
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vectorstl (t), ..., tk (t) have the same orientation in their linear span

asthevectors7'(t),...,Y(k)(t),andthebasistl (t),...,tn(t)
is positively oriented with respect to the standard orientation of Rn .

Proposition . A curve of general type possesses a unique distinguished

Frenet frame .

Proof . We can determine the first n — 1 vector fields of the
distinguished Frenet frame by application of the Gram - Schmidt
orthogonalization process pointwise to the first n — 1 derivatives of 7 .

According to this recursive procedure , explained in Theorem we start

with setting

t=

1iy'ir

Iftl, ..., tfc_i have already been defined , where k <n— 1, then we

compute the vector

fk=Y (k)—((Y (k). ti)ti+ +(Y(k),tfci)tfci),
and then set

=fk=Y (K)— (Y (k) ti)ti++ (Y (K),tk.i)tk i)

K1LFK Y (K)— ((Y (k) ti)ti+  +(Y (k) tki)tki)].

To finish the proof , we have to show that given n — 1 mutually
orthogonal unit vectors ti, . .., tn_i in Rn , there is a unique vector tn for
which the vectors ti, . . ., tn form a positively oriented orthonormal basis
of Rn . The condition that a vector is perpendiculartoti, ..., tn_iis
equivalent to a system of n — 1 linearly independent linear equation , the
solutions of which form a 1 - dimensional linear subspace ( a straight line
) . There are exactly two opposite unit vectors parallel to a given straight
line , and exactly one of them will fulfill the orientation condition . (
Replacing a vector of an ordered basis by its opposite changes the

orientation .) o

Exercise . Show that if ei , . . ., en is the standard basis of Rn and
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ti=Ojiei + ¢+ +ainen fori=1,...,n—1,

then tn can be obtained as the formal determinant of the matrix
(an...«, N

a(nii)i...a(n.i)n q

\ei...e,/

Proposition . Let y be a curve of general type in Rn . Denote by ti, . . .,
tn its distinguished Frenet frame and set v = ||y'|| . Let the matrix ( aij )

i<i, j<n be such that

~ 1 n

-ti =Y aijti. (2.5)

j=i

Then

aij = 0 provided that j > i +1 , and

the matrix (aj ) i<i, j<n is skew - symmetric ,i.e.ajj=—a. ji.

Proof, (i) Sinceti;1<i<n—1,isa linear combination of the vectors
y',...,y(i),tiisalinear combination of the vectors y', es¢, Y (i+1)
- As the latter vectors are linear combinations of the vectors ti , statement

is proved .

Since (ti, tj} = Sij is a constant function , we get
aij+aji="((ti,f}+(totj})=0

by differentiation . The proposition is proved .

According to Propositions only the entries ai , i+1 =—ai+1 , i of the

matrix ( aij ) may differ from zero . Setting

Kl=ai2,K2=a23,¢¢++ Kn-1=a,-1,,,, we see that equations

collapse to the following form

K1t2
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— 12 — —K1t1 + K2t3
Kn—2tn—2 + Kn—1tn *n—1cn -

These formulae are called the Frenet formulae for a curve of general type
in Rn. The functions K1, « « «, Kn - 1 are called the curvature functions

of the curve .

We formulate two invariance theorems concerning the curvatures of a

curve . They are intuitively clear and their proof is straightforward .

Proposition ( Invariance under isometries ) . Let y be a curve of general
type in Rn, T: Rn ~ Rn be an isometry ( distance preserving bijection ) .
Then the curvature functionsk 1, ¢+ <, Kn -2 of thecurvesyand Toy
are the same . The last curvatures Kn - 1 of these curves coincide if T is
orientation preserving and they differ (only ) in sign if T is orientation

reversing .

Proposition ( Invariance under reparameterization ) . If 7 is a regular
reparameterization of the curve 71.e .7 =7 o h for some smooth
function h with property h' >0 or h' < 0, then the curvature functions of
7 and 7 are related to one another by 7j=Kjohforl<i<n-—2and 7n
-1=(sgn(h'))Kn-1o0h.

Exercise . Assume a curve 7 of general typein Rn liesinRn-1CRn.
Then we can compute the curvatures k1, ..., Kn- 1 of this curve
considering 7 a curve in Rn and also we may compute the curvatures 71 ,
..., In -2 of this curve considering 7 a curve in Rn - 1. What is the

relationship between these two sets of numbers?
Computation of the Curvature Functions

Our goal now is to express the curvatures of a curve 7 of general type in
Rn in terms of the derivatives of 7 . For this purpose write the derivatives
of 7 as linear combinations of the distinguished Frenet frame . By the
definition of the Frenet frame , the kth derivative must be the linear

combination of the first k Frenet vector fields
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Y'=«lt 1,

7" =a2tl + a2t2 ,

(k)'1 k (2.6)
7=aktl +eee+kMk"

(n) 1+12a.1 1nj_
7—antl +ant2 + e+ antn.

The coefficients aj can be expressed recursively by the speed length
function v = 117'11 and the curvature functions . To illustrate this , let us

compute the first three decompositions assuming n > 3 .

The speed vector is simply

7'=vtl.

Differentiating and applying the first Frenet equation

7" =v'1tl + vtl = v'tl + v2K1t2 .

Differentiating again and using the first two Frenet equations we get
7" =v"tl + vl + (v2K1) 't2 + v2K1t2

=Vv"tl + vvK1t2 + (v2K1) 't2 + v2K1v ( K2t3 — K1t1)
=(v'—v3«2)t1+ (vvKL + (Vv2K1) ") t2 + v3K1K2t3 .

In principle , iterating this method we can compute all the coefficients aj
but already the third derivative shows that the coefficients become
complicated and do not show any pattern except for the last coefficients .

Proposition a'k = vkK1 ¢ e« Kk—1forl<k<n.

Proof . We prove the equation by induction on k . The base cases are
verified above for k < 3 . Assume now that the statement holds for k — 1

<n. Then differentiating

(k—1) 1k, k—2k




k—1"Y = ak—I1tl + ¢+ +ak — 1tk — 2 + ak— 1tk— 1. and applying
the Frenet formulae we obtain

Y (k)=Y ((ai—1)'tj+ak—1tj)

j=1

k-1

=((ak—1)'tl +ak —1VK1t2) + X/ ( (afc—1) 'tj + afc—1V (K]
ti+l — Kj—1tj—1)).

j=2

We see that tk appears only in the last summand , when j = k — 1 and its

coefficient is
k k 1 / k 1 \ k ii

a-k=ak IVKk—1=(vKl s Kk—2)VKKk—1=vKl s Kk—1.

Proposition . The curvature functions K1, ..., Kn—2 of a curve of
general type in Rn are positive . ( However , there is not any restriction
on the sign of Kn—1.)

Proof . By the orientation condition on the distinguished Frenet frame ,
fork<n—1,7,...,7 (k) hasthe same orientationastl, ..., tkin
the linear space they span . According to the definition of "having the
same orientation , this means that the determinant of the lower triangular
matrix of coefficients is positive . Since the quotients of positive
numbers is positive , we obtain also that a\ = Al and ak = Ak / Ak—1 for
2 <k <n— 1 are positive . However , then the quotients / «k - i = VKK -
i are also positive for2<k<n—1.Sincev =||y||> 0, this means that

all the curvatures k1, ..., Kn -2 are positive .
The above computation shows also that

sgn (Kn-i)=sgn(arn/arn-1)=sgn(an)=sgn (An/An-i)=sgn
(An).

Notes
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Consequently , the sign of the last curvature coincides with the the sign
of An , which is positive (or negative ) ifandonly if (y',...,Y (n))
is a positively (or negatively ) oriented basis of Rn . Itis 0 if and only if
y',...,y(n)are linearly dependent . The remark at the end of the
proposition follows from the Fundamental Theorem of Curve Theory ,
which will be proved below . This theorem that for any smooth function
Kn - 1 on an interval , there is a curve of general type in Rn the last
curvature of which is Kn - 1. As a byproduct of the proof , we obtain the

following expressions for the curvatures
—a2=A2/A1=A21valvA1lv3
and

"k+l AKk+l1/AKAK+l1Ak-1
KkvakvAk/Ak-1vA2

for2<k<n—1.Thus, to find formulae for the curvatures it is enough
to express the determinants Ak or the diagonal elements ak in terms of

the derivatives of 7 .

If we take the wedge product of the first k equations and apply

Proposition we get

y' A eeAY (k)=Aktl A A tk.

Astl, (t)...,tn(t)an orthonormal basis for each parametert ,
IMy'AeecAY (k)| =|AK|.

Since the determinants Ak are positive for k <n — 2, the absolute value
can be omitted for all but the last k . The length of the k - vector Y' A « ¢
* AY (k) can be expressed using with the help of the Gram matrix

G(y',...,Y(Kk)).Thusfork<n—1,
Ak=IIy' Aes*AY (k) I=\g(y,...,Y(K))
Z(y.,y) ... (Y, Y(k))

det .




VY (K),Y') ... (Y(K),Y(k))/

We lost information on the sign of An when we took the absolute value
of the sides so to obtain An together with its sign , return to equation and
consider it for k = n . As the Frenet frame assigns a positively oriented
orthonormal basis to each parameter , denoting by ei, . . ., en the

standard basis of Rn
ti Aeee At
consequently
YAeesA

By the last equation we can obtain An by writing the derivatives of 7 as
linear combinations of the standard basis and computing the determinant
of the matrix of coefficients . If we decompose 7 as a linear combination

We summarize our computation in the following theorem .

Theorem . Lety : I~ Rn be a curve of general type inRn,1<k<n—1

. Then the curvature functions of y can be computed by the equations
AK+HIAK - i

A2 d

—and Kk Ki

VvAK

where v = |ly'y , and the numbers Ak are given by

When we want to compute the curvatures of a curve directly , without
computing the Frenet frame , the quickest method is probably the
evaluation of the formulae in the theorem . However , if we need to
compute the Frenet frame as well , and we compute them following the
proof of Proposition then curvatures pop up simply during the Gram -
Schmidt orthogonalization process . Indeed , in the kth step of the

procedure we compute the vector
fk=Y (k) -E<Y (fc),

i=1

Notes
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Taking the decompositions into account , we see that
<Y (k),ti>=4,

and

k-1

fk =Y (k) -"4"=aktk .

i=1

This way , the length of fk , which we also have to compute for

evaluating the equation

fk

IIfkIl = 141 =vk [ki ==+ Kk - |,
[fk+] vII FKII

This formula allows us to compute also |Kn - 1|, but to determine the
sign of Kn - 1, one needs further consideration of the orientation of the
first n derivatives of Y .

Exercise . Compute the curvatures of the moment curve

Y(t)=(t,t2, ... ,tn)att=0.D.

Fundamental Theorem of Curve Theory

Theorem ( Fundamental Theorem of Curve Theory ) . Givenn—1
positive smooth functions v, «q, .. ., Kn -2 and a smooth function Kn
- 1lonaninterval I, there exists a curve y : I » Rn of general type in Rn
such that ||Y'Il = v and the curvatures of y are the prescribed functions
Kq,. .. ,Kn-1.This curve is unique up to orientation preserving

isometries of the space , that is , if 7 is another curve with the same




properties , then there is an orientation preserving isometry T € Iso+ ( Rn

)suchthat7=Toy.

Proof . We can eliminate the freedom given by orientation preserving
isometries if we fix a parameter t0 € I and restrict our attention to curves
7: 1"Rn such that 7 (to ) = 0 and the Frenet basis of 7 at tO coincides
with the standard basis of Rn . We are to show that within this family of
curves , each collection of allowed curvature functions corresponds to a
unique curve . The proof below describes a way to reconstruct the curve

from its curvatures by solving some differential equations .

Let T denote the n x n matrix , whose rows are the Frenet vector fields of
the unknown curve 7: I *Rn . If C = (cj) : I » Rnxn is the matrix valued
function the only non - zero entries of which are cjji+1 = —ci+1jj = vk

for 1 <i<n—1,then T must satisfy the linear differential equation
T'=C-T

Thus , prescribing the Frenet basis at a given point T (t0 ), we can
obtain the whole moving Frenet frame as a unique solution For each t € I
, T (t) must be an orthogonal matrix , that is a matrix the rows of which
form an orthonormal basis of Rn . Orthogonality is equivalent to the
equation T« tt=TT * T =In, where TT is the transposition of T , In is
the n x n unit matrix . Furthermore , since the Frenet frame must be a
positively oriented basis of Rn, T (t) must have positive determinant
forallt€1.

Recall that orthogonal matrices with positive determinant are called
special orthogonal matrices . The set ( in fact group ) of n x n special

orthogonal matrices is usually denoted by SO (n) .

We claim that if T is a solution of there is a number to , for which T (to)
€SO (n),thenT(t)€SO (n)forallt€l.This means that if we take
care of the restrictions on T when we choose the initial matrix TO , then

we do not have to worry about the other values of T .
To show the statement , set M =TT « T . Then

M=(T)T*T+TT+T'=(C*T)T+T+TT+C+T=TT+(CT+C
)+T=0,

Notes
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as C is skew symmetric shows that M is constant , therefore M =M (10 )
=In. This proves that T (t) is an orthogonal matrix for all t € I. As for
the determinant of T (t), observe that the determinant of an orthogonal

matrix A € Rnxn satisfies
(detA)2=detAedet AT=det( A*AT)=detIin=1,

hence det A =+1 . Sincedet (T (t)) is a continuous function of t,
which takes only the values +1 , it must be constant . We have assumed
that T (t0) >0, thusT(t)=1>0forallt€l.

The derivative of 7 is vti , thus we can obtain 7 from the Frenet frame by
integrating vti defines the only curve which can satisfy the conditions .
This proves uniqueness . To show the existence part of the theorem we
have to check that the curve we have obtained has the prescribed

curvature and length of speed functions .

Exercise Plot the curve , called astroid , given by the parameterization 7:
[0,2n]"R2,7 (f)=(cos3 (t),sin3(t)). Isthe astroid a smooth
curve? Is it regular? Is it a curve of general type? If the answer is no for a
property , characterize those arcs of the astroid which have the property .
Compute the length of the astroid . Show that the segment of a tangent

lying between the axis intercepts has the same length for all tangents .

Exercise . Find the distinguished Frenet frame and the equation of the
osculating 2 - plane of the elliptical helixt”~ (acost, bsint, ct) at the
point (a,0,0) (a,band care given positive numbers ) .

Exercise . Show that a curve of general type in Rn is contained in an (n

— 1) - dimensional affine subspace if and only ifk,, i=0.

Exercise . Prove that if a curve of general type in R3 has constant

curvatures then it is either a circle or a helix .

Exercise Describe those curves of general type in Rn which have

constant curvatures .
Obtaining Curvatures

as Limits of Some Geometrical Quantities




In this section , we compute the limit of some geometrical quantities
depending on a collection of points on the curve as the points tend
simultaneously to a given curve point . The limits will be expressed by
the curvatures at the given point , thus , each of these results gives rise to

a geometrical interpretation of curvatures .

Check your Progress 1

Discuss Notion Of A Curve

Discuss Crofton Formula For Spherical Curves

10.6 LET US SUM UP

In this unit we have discussed the definition and example The Notion Of
A Curve, The Length Of A Curve, Crofton's Formula , Crofton Formula
For Spherical Curves , Frenet Frames And Curvatures The Fundamental

Theorem Of Curve Theory

10.7 KEYWORDS

The Notion Of A Curve .... In elementary geometry , one meets a lot of
examples of curves: straight lines , circles , conic sections , cubic curves ,
graphs of functions defined on an interval or the whole real line ,

intersections of surfaces etc

The Length Of A Curve ..... The length of a continuous curve 7: [a, b] ~

1" is the limit of the lengths of inscribed broken lines with consecutive

Notes
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verticesY (to), Y (tl), .., Y(tN),wherea=t0 <tl <eee<tN=D

and the limit is taken as max1<i<N [tj — ti - 11 tends to zero
Crofton Formula ..... Topology and measure on the set of straight lines

Crofton Formula For Spherical Curves ... This formula will express the
length of a curve using only the number of intersection points with
hyperplanes passing through the origin

Frenet Frames And Curvatures The Fundamental Theorem Of Curve
Theory ... A curve of general type in Rn is not contained in any affine

subspace of dimension,

10.8 QUESTIONS FOR REVIEW

Explain The Notion Of A Curve , Crofton Formula For Spherical Curves

10.9 SUGGESTED READINGS

Differential Geometry, Differential Geometry & Application,
Introduction to Defferential Geometry, Basic of Differential Geometry.

10.10 ANSWERS TO CHECK YOUR
PROGRESS

The Notion Of A Curve , Crofton Formula For Spherical Curves

( answer for Check your Progress -1Q )
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UNIT-11 : PLANE CURVES

STRUCTURE

11.0 Obijectives

11.1 Introduction

11.2 Plane Curves

11.3 Convex Curves

11.4 Interior Product By A Vector Field
11.5 Exterior Differentiation

11.6 Let Us Sum Up

11.7 Keywords

11.8 Questions For Review

11.9 Suggested Readings

11.10 Answers To Check Your Progress

11.0 OBJECTIVES

After studying this unit , you should be able to:

Understand about Plane Curves

Convex Curves

Interior Product By A Vector Field

Exterior Differentiation

11.1 INTRODUCTION

Differential geometry arose and developed as a result of and in
connection to the mathematical analysis of curves and surfaces
Mathematical analysis of curves and surfaces had been developed to
answer some of unanswered questions that appeared in calculus like the
reasons for relationships between Plane Curves , Convex Curves ,

Interior Product By A Vector Field , Exterior Differentiation

11.2 PLANE CURVES
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This section we deduce some facts on plane curves from the general
theory of curves . A plane curve 7: 1 * R? is given by two coordinate

functions .

Y(t)=(x(t),y(t))tel.

The curve 7 is of general type if the vector 7' is a linearly independent
"system of vectors" . Since a single vector is linearly independent if and
only if it is non - zero , curves of general type in the plane are the same

as regular curves . From this point on we assume that 7 is regular .

The Frenet vector fields t; , t, are denoted by t and n in classical
differential geometry and they are called the (‘unit) tangent and the (
unit ) normal vector - fields of the curve . There is only one curvature

function of a plane curve k =Kj . The Frenet formulae have the form
t'=vKn, n'=—vKt,

where v = |Y'| .

Let us find explicit formulae for t, n and K . Obviously

The normal vector n is the last vector of the Frenet basis so it is
determined by the condition that (t, n) is a positively oriented
orthonormal basis , that is , in our case , n is obtained from t by a 90

degree rotation in positive direction .

The right angled rotation in the positive direction takes the vector (a, b
) to the vector (—b, a), thus

n:1 ( _yI ’ X| ) :'_2_:(_ylixI
).V Vx? + y*?

To express K , let us start from the equation

Y'=vt.

Differentiating and using the first Frenet formula,
Y'=V'E+ Vvt = v+ VKN .

Taking dot product with n and using (t, n ) =0 we get

(y",N)=Vk,




which gives
X'y
(Y n)—xy +yx ey
V2 Ve (xZ+y2)3)2

in accordance with Theorem

Evolute , Involute , Parallel Curves

Since a 1 - sphere in a plane is simply a circle , osculating 1 - spheres of
curve are called its osculating circles . The osculating circle of a regular
plane curve Y exists at a point t if and only if K (t) = 0. Then the
center oi (t) of the radius Ry (t) of the osculating circle are given by

0i (t)=Y(t)+-~n(t),Ri(t)?

Definition . The center of the osculating circle is called the center of
curvature , the radius of the osculating circle is called the radius of

curvature of the given curve at the given point .
The center of the osculating circle can be obtained also as the limit of

the intersection point of two normal lines of Y .

Theorem . Assume that ¥ : 1 * R? is a smooth regular plane curve , t € I
issuch that K (t) =0 . Denote by M ( to, ti ) the intersection point of
the normals of v taken at to and ti =to . Then M (to, ti ) exists if to and

ti are sufficiently close to t and
IimM(t,,ti)=0i(t).
to , ti —yt

Proof . The intersection point of the normals exist if the corresponding
tan - gents are not parallel . Sincet' (t) =« (t)n(t) =0, the unit
tangent t rotates with nonzero angular speed at t , hence no two tangents

are parallel in a small neighborhood of t .
Assume t, , ti are close to t and write M ( to , t\)as

M(to,ti)=Y(to)+m(to,t3)n(to)

Notes
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using the fact that M (to, t; ) is on the normal at ty . Since M (to, t1) is

also on the normal at ti ,

(M(to,ti) -Y(ti),t(ti))=(v(to)+m(to,ti)n(to) -
Y (ti),t(ti))=0.

Solving this equation for m ( t, , ti ) gives
Y'Y(to)’t((.)
ey Y Uiy (g )t D\t otg m (
to,ti) =

(n(to)’t(ti)) /ﬂ(to)-ﬂ(ti)t(/\)
ti - to

It is easy to calculate the limit of the right - hand side

met ) t(t)) t(t))

imm (t,t1)=——.t,t—t  -(n"(t),t(i)) (
V() K(t)t(t),t(i))K(t)

In conclusion ,

lIimM(to,ti)=limy(to)+m(to,ti)n(to) =Y (t)+" w"n(
t)=oi(t).o

t0 , tl——t to, «d—yt K(t)

Exercise . Let us illuminate a curve by rays of light , parallel to the
normal line of y aty (t) . Denote by F (tj, t, ) the intersection point of
the rays reflected from Y (ti) and v (t2) . Show that limgo tF (ti, tp)
AY (Y)+2KY )2 (1)

Definition . The locus of the centers of curvature of a curve is the
evolute of the curve . The evolute is defined for arcs along which the

curvature is not zero .

If v : I~ R?is a curve with a nowhere zero curvature function k and unit
normal vector field n , then the evolute can be parameterized by the

mapping 0;: 1" R?,0i=Y +(1/«)n.
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Exercise . Show that the evolute of the ellipse Y (t)=(acost,bsint)
— no2-&2 b2-o2

is the "affine astroid" o; (t) cos’l , 22 sin’yj .

The evolute of a curve was introduced by Christiaan Huygens ( 1629 -
1695 ) . He used the fact that the evolute of a cycloid is a congruent
cycloid to modify the pendulum used in pendulum clocks to increase the
accuracy of the clock . He could also be led to the notion of the evolute
in connection with his investigations on the propagation of wave fronts .
If we generate a curvilinear wave on the surface of calm water (e . g.
we drop a wire into it ) , the wave starts moving . Geometrically , the
shape of the wave front at consecutive moments of time is described by

the parallel curves of the original curve .

Definition . Let 7 be a regular plane curve with normal vector field n . A
parallel curve of 7 is a curve of the form yg ="+ dn,wheredG R is a

fixed real number .

Experiments on wave fronts show that even if the initial curve is smooth
and regular , singularities may appear on its parallel curves . As the

distance d varies , singularities on are usually born and disappear in pairs

Definition . Let Y be a smooth parameterized curve , t a point of its
parameter interval . We say that 7 (t) (ort) is asingular point ( or

singular parameter ) of the curve 7 if 7' (t) =0 .

Exercise . Study the singularities of the parallel curves of an ellipse .
Proposition . Singular points of the parallel curves of a regular curve Y

trace out the evolute of 7 .

Proof . Sinceyy=7"'+dal =vt — vdKt =(1—dK) vt , singular
parameters are characterized by 1— dK (t) = 0. Then the
corresponding singular points Yd (t) =Y (t)+ (1/K(t))n(t)lie
on the evolute of the curve . It is also easy to show that any evolute point

is a singular point of a suitable parallel curve .

Proposition Let 7: [a, b] * R? be a regular plane curve with mono - tone

non - vanishing curvaturek , and evolute oi=7+ (1/K)n.

«If K" (t) =0,thenoiisregularattand its tangent line at t
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coincides with the normal line of 7 at t .

- The length of the arc of the evolute between oi (ti ) andoi (t2 ) ,
ti <t2 , is the difference of the radii of curvatures 11/
K(71)—1/K((t2)].

Proof . The speed vector of oi is

0 =Y +(L/K)'n+(1/K)n%=vt+(1/K)'n— (1/K)vKt=(
1/K)"n.

This equation shows that if KY(t) =0, then oy is regular at t and its
tangent at t is parallel to the normal n (t) of Y . This proves the first part
of the proposition . As for the length of the evolute , it is equal to the

integral

Flol(R)DWR=F | (1'%) " (t)N(R)\WDR=F | (1'%)
"(t)\DRITL JT 1 JT1

2

S U IR IR ¥

At the third equality we used that 1 / K is monotone , thus either (1/K)
">00r(1/K)'<0everywhere.

The above proposition gives a method to reconstruct the curve 7 from its
evolute . Suppose for simplicity that k >0 and K'> 0 . Take a thread of
length 1 / k ( o ) and fix one of itsends to 0; (a) . Then pulling the
other end of the thread from the initial position 7 (a) wrap the thread

tightly onto the curve o; .

Definition . Let 7: 1 ~ R? be a regular curve with unit tangent vector field
t,aG . Aninvolute of the curve 7 isa curve 7 of the form Y =7 + (|
— s ) t, where lis agiven real number,s (t)="f,|y'(T)|dT is the

signed length of the arc of 7 between 7 (a)and 7 (t) .

A curve has many involutes corresponding to the different choices of the

initial point a G | and the length | of the thread .

Proposition . Let 7 be a unit speed curve withk >0,7 (s)=7(s) + (I
— ) t(s)aninvolute of it such that I is greater than the length of 7 .
Then the evolute of 77is 7 .
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Proof . We have

Y'(s)=t(s)—t(s)+(l—s)«(s)n(s)=(1—s)«(
s)n(s),
7"(s)=[(1—s)K(s)I'n(s)—(1—s)K*(s)t(s).
The first equation implies that the Frenet frame t, n of 7 is related to that
of y by t=n,n=—1t. Computing the curvature 7 of 7,
=(7"(s).n(s))=(1—5S) *°K*(
S)=1IY'(s)F  (1—s)°K3(
s) (1—s)

Thus, theevoluteof Yis7+(1/7)n=y+(l—s)t—(l—s)t=

Y.

We formulate some further results on the evolute and involute as

exercises .

Exercise Suppose that the regular curves Y1 and Y2 have regular
evolutes . Show that Y1 and Y, are parallel if and only if their evolutes are

the same .

Show that if two involutes of a regular curve are regular , then they are

parallel .

Exercise The curve cardioid is the trajectory of a peripheral point of a
circle rolling about a fixed circle of the same radius .

- Find a smooth parameterization of the cardioid .
- Compute its length .

- Show that its evolute is also a cardioid .

- Determine the involute of the chain curve through the point (0,1). (
This curve is called "tractrix" . )
- Let the tangent of the tractrix at P intersect the x - axis at Q . Show that

the segment PQ has unit length .

11.3 CONVEX CURVES
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Definition . A simple closed plane curve 7 is convex , if for any point p
=Y (t), the curve lies on one side of the tangent line of 7 at p . In other
words the function (7 (t) —p,n(t) } mustbe> 0 or<20 for
all t.

Exercise . Show that a simple closed curve is convex if and only if every
arc of the curve lies on one side of the straight line through the endpoints

of the arc .

Convex curves can be characterized with the help of the curvature

function .

Theorem . A simple closed curve is convex if and only if K >0 or Kk <0

everywhere along the curve .

Proof . Assume first that 7 is a naturally parameterized convex curve .
Leta (t) be a continuous direction angle for the tangentt (t) .
As we know , a' = K, thus, it suffices to show that a is a weakly
monotone function . This follows if we show that if a takes the same
value at two different parameters ti , t, , then a is constant on the interval
[ti, toj . The rotation number of a simple curve is £1 , hence the image of
t covers the whole unit circle . As a consequence , we can find a point at

which

t(tg) = —t(tg) = —t(ty)

If the tangent lines at t, , t, , t3 were different, then one of them
would be between the others and this tangent would have points of the
curve on both sides . This contradicts convexity , hence two of these
tangents say the tangentsat p =y (tj ) and g = 7 ( tj ) coincide .

We claim that the segment pq is an arc of 7 . It is enough to prove that
this segment is in the image of 7 . Assume to the contrary that a point x
G pq is not covered by 7 . Drawing a line e = pq through x , we can find
at least two intersection points r and s of e and the curve , since e
separates p and g and 7 has two essentially disjoint arcs connecting p to
g . Since pq is a tangent of 7 , the points r and s must lie on the same
side of it . As a consequence , we get that one of the triangles pqr and
pgs , say the first one is inside the other . However , this leads to a

contradiction , since for such a configuration the tangent through r
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necessarily separates two vertices of the triangle pgs , which lie on the

curve .

If v is defined on the interval [a, b] ,then 7 (a) =7 (b) is either on the
segment pq or not . The first case is not possible , because then a would
be constant on the intervals \a , t\] and [t,, b] , yielding

a(a)=a(ti)=a(t)=a(b)
and

rotation number=(a(b)—a(a))/2n=0.

In the second case a is constant on the interval [ti , t] , as we wanted to
show . Now we prove the converse . Assume that 7 is a simple closed
curve with k > 0 everywhere and assume to the contrary that 7 is not
convex ( the case k < 0 can be treated analogously ) . Then we can find a
pointp =7 (t1), such that the tangent at p has curve points on both of
its sides . Let us find on each side a curve point,sayq=Y (ty)and r =
Y (t3) respectively , lying at maximal distance from the tangent at p .
Then the tangents at p , g and r are different and parallel . Since the unit
tangent vectorst (tj),i=1, 2, 3 have parallel directions , two of them
,say t (tj)and t (tj) mustbeequal . The pointsa=7 (tj)andb=q(tj
) divide the curve into two arcs . Denoting by K; and K the total
curvatures of these arcs , we deduce that these total curvatures have the
form Ky = 2kin, K, = 2kon , where ky , ko G Z , since the unit tangents at
the ends of the arcs are equal . On the other hand , we have k1 + k2 =1
by the Umlaufsatz and k1> 0, k2 > 0 by the assumption Kk > 0 . This is
possible only if one of the total curvatures K; or K is equal to zero .
Since K> 0, this means that K = 0 along one of the arcs between a and b
. But then this arc would be a straight line segment , implying that the

tangents at a and b coincide . The contradiction proves the theorem .

Differential Forms

A differential k - form w on a manifold M assigns to each pointp G M
an element of Ak ( TpM ) * . As elements of AkV* for a linear space V
can be identified with the linear space Ak (V') of alternating Kk - linear

functions , we can evaluate w ( p ) on any Kk tangent vectorsvi, ..., vk

97




Notes

98

G TpM . In particular , if we are given k smooth vector fields X1, ...,
Xk on M, then we can evaluate w on X1, ..., Xk pointwise and get a
smooth function on M . This function will be denoted by w ( X1, .. .,
Xk).

The pointwise wedge product of a differential k - formw G Ok (M ) and
a differential I - formn G QI ( M) is a differential (k + 1) - form .
Wedge product of differential forms is not a commutative operation .

Instead of that it satisfies the super commutativity relation

wan=(—i)klnaw.

11.4 INTERIOR PRODUCT BY A VECTOR
FIELD

Definition . The interior product of a smooth vector field X and a
differential k - form w on a differentiable manifold M is a differential ( k

— 1) -formiX w. Itis defined by the property that
iXw (Xi,.. ., Xk-i)=w(X,Xi,...,Xk-1i).
Whenk =0, wesetiXw=0. IS

Interior product with the vector field X can be thought of as a linear map
from Q* (M) =07k (M) into itself . This is a degree - 1 map , as it

decreases the degree of any form by 1.

Definition4 . 6.2 . Ingeneral ,alinearmap L: H* (M) "H* (M) isa
degree dmap , if L(Qk (M)) C Qk+d (M) forall k . IS

It is interesting that although interior product has a linear algebraic

character , it satisfies a Leibniz - type rule .

Definition . A linear map L: H* (M ) A H* (M) is called a
superderivation if foranyw G Qk (M )andn G Ol (M), we have

L(wan)=L(w)an+(—i)kwalL(n).

Proposition . Interior product with the vector field X is a super derivation
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Proof . Both sides are bilinear functions of w and n , therefore , it is

enough to check the graded version of the Leibniz rule for forms that
generate Qk (M) and QI ( M) additively . It is also enough to show the
graded Leibniz identity on domains of charts , since any point is
contained in the domain of a chart . In the domain of a chart , any k -
form can be written as the sum of wedge products of k - tuples of 1 -
forms , so it is enough to show the graded Leibniz rule for the special
case when both w and n are wedge products of 1 - forms . Letli,... ,Is

be 1 - forms . Then
Jli(X)T(XE) o 1 (Xs_i)VI2 (X)) 12(Xi) ... 12 (Xs-i)
iX (HAessAls)(Xi,. .., Xs-i)—det

s (X)Is(Xi) ... Is(Xs-i)/

Computing the determinant by Laplace expansion with respect to the first

column we obtain

iX(liAeeeAls)(Xi,...,Xs-1)
—e(-1)iHli(X)s(liAeeeAlAcesAls) (Xi, ..., Xs-1i),
i=i

where the hat over li means that it is omitted . This means that
IX(LiAeeAls)—"(-1)i+ili(X)s(liAeeeAliAmmmAls).
i=i

Consider the special case of the statement , when w —1i A ¢« « A 1k and
n—Ilk+i Aeee Alk+ti. Then

k+l

iX (WAN) —ix (liAsee AlkH)—e(-1)i+ili (X)e (i AseeA
HAseeAlkH)

— A3 (—1)iili (X) e (liAsseAliAceeAlkH)+
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+ /"1 (— 1) ktitilk+i (X))o (liAses AlkH AsesAlk+l)
i=i
—ix(w)an+(-1)kwaix(n).

By the introductory arguments , this special case implies the general one

. Exercise . Show that for any two vector fields X an Y , we have
XY ——iY °ix.

Exercise 4 . 6 . 6 . Show that the Lie derivation of differential forms and
the in - terior product with a vector field satisfies the commutation

relation

LxolY-1Y e Lx =1[X, Y] *

11.5 EXTERIOR DIFFERENTIATION

We can associate to each smooth function a differential 1 - form , its

differential .

Definition . The differential df of a smooth function f G QP ( M) is the
differential 1 - form df G H1 ( M) , the evaluation of which on a vector
field X is given by df ( X ) = X (f).

Remark . If $=(x1,...,xn):U”Rnisachart, then the 1 - forms
determined by the pointwise dual basis of the basis vector fields df , . . . |
df were denoted by dx1 , ..., dxn. The notation is motivated by the fact
that these 1 - forms can also be obtained as the differentials of the

coordinate functions .
Indeed
dxi (df) =df (ff)=j.

Our goal is to extend the differential d from functions to all differential

forms .

Theorem There is a unique superderivation d: Q* (M )~ Q* (M) of
degree 1, which has the following properties .




For f G Q° (M), df is the differential of the function f .
dod=0.

The superderivation d defined uniquely by the theorem is called the

exterior differentiation of differential forms .

Proof . To prove uniqueness , first observe that if two k forms al , al
coincide on an open neighborhood V of a point p , then dw1 and dw2
must coincide at p . Indeed , choose a smooth bump functionh G QP (M
) such that supp h C V and h =1 on a neighborhood of p . Then h (al —
a2) =0, therefore ,

0=d(h(al—a2))=dhA(" —a2)+h(dwl—da2).
Evaluating at p gives (dal) (p)=(dal) (p).

Let p be an arbitrary point in M and choose achart $=(x1,... ,xn):
U~ Rn around p . Fix also a smooth function g G QP ( M) such that
supp g C U and g|V = 1 on an open neighborhood V C U of p . Introduce
the notation that for a smooth function f defined on U , denote by f the
smooth function on M defined by

7()=J(a)g(q).ifqgu,
f(q)=0, otherwise.

Let w be an arbitrary differential k - form . We can write w| U uniquely

as
wjU  wil..ik dx11 A eeeA dxlk .

1<ii <eee <ik <n

Consider the differential formw G ( M) defined by
w=  wil...ikdxI1 A <A dxik .

1<ii <eee <ik <n

The forms w and w coincide on V and the computation of d on w is

uniquely dictated by the properties of d , thus,

(dw)(p)=(dw)(p)=iedwil...ik Adxll1 A e+ A dxiki(p).

Notes
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\I<ii < - <ik<n |

Since by this method we can compute the value of dw at any pointp , d

is uniquely defined by its properties .

For the existence , we first construct for each charty =(x1,...,xn):
U ~ Rn an exterior differentiation d: Q* (U)"*Q* (U)onU . Forw G
Q* (U ) write w as

w wil ... ik dx11 A ee°A dxik,
1<ii <eee <ik <n

and set

d*w dwil...ik Adx1l A = A dxik .
1<ii <eee <ik <n

Let us check that d” satisfies all the requirements . It is obviously linear
and increases the degree of forms by 1, and coincides with d on smooth
functions . It is also a super derivation . Indeed , if n G QI ( M) has the

decomposition

n Vil...jidxjl A «e= A dxjl,
1<ji< - <jl <n

then

d*(wAnNn)=

dh (A3A3wil. .. ik enjl...jldxil AeeeAdxik Adxjl AeeeA
dxjlAj

1<ii< - <ik<n 1<ji< - <jl<n

= d(wil...ikenjl...jl)Adx1l A e A dxik A dxjl A === A
dxjl

1 <i1<se<ik <n 1<ji <+ <jl <n

For smooth function fand g, the Leibniz - type formulad (f+g)=df
g + f+dg holds, since for any smooth vector field X ,
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d(feg)(X)=X(feg)=X(f)eg+feX(g)=(df»g+fedg)(

X).
Applying this special case to the general one , we obtain
d$ (wAnN)=

e enjl...jledwil ...ik Adxl1 AeeeAd, xlk Adxjl A e A
dxjl

i<il< - <ifc <n 1<j1< - <ji<n

+e  ewil...ik+dnjl...jlAdx11 Ass*Adxik AdxjlAeeeA
dxjl

1<il< - <ifc <n 1<j1< - <ji<n
=dwAn+(—1)kwAdr/.

It remains to show that d$ o d$ = 0. As d$ is a superderivation , d$ ( d$ (
w))=

(d$ (dwil...ik)Adx==>1A««+A dxik — dwil...ik A d$ (dxil
AseeAd,xlk))

1<il <eee <jk <n
= d$ (dwil...ik) A dxI1 A eeA dxik,
1<l <eee <ik <n

it is enough to prove that d$ (d (f) ) = 0 for any smooth function f .
Since dx1, ..., dxn is the pointwise dual basisof d$, . .., d$, df can

be decomposed as a linear combination of the 1 - forms dxi as
n

df =e (di$f) dxi.

i=1

From this formula ,

n nn
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d$ (df ) =ed (d$f) A dxi =e E (d$d$f) dxj A dxi

i=1 i=1j=1

(d$d$f — d$d$f ) dxi Adxj=0.
1<i<j<n

If we consider two charts , $: U~ Rnand *: VV ~ Rn , then the restrictions
of both $ and ~ onto U fl V give an exterior differentiationon Un V.
But the uniqueness part of the theorem implies that these exterior
derivations must be the same . This means that if w is a globally defined
k - form on M, then the forms d$ (w|U ) taken for all charts $: U * Rn
glue together to a global (k + 1) - form dw on M . The map w ~ dw is an
exterior derivation , since all the properties can be checked locally , using

a local coordinate system .

In the rest of this section we prove some useful formulae involving the

exterior differentiation .

Proposition . If f: M~ N is a smooth map , w G Uk ( N ) is a differ -
ential kK- formon N, thend (f*(w))=f* (dw).

Proof . The statement is true for smooth functions h G QP ( M), because

for any smooth vector field X on M and for any p G M, we have
d(f*(h))(Xp)=Xp(f*(h))=Xp(hof)=(Tpf(Xp))(h)
=dh (Tpf(Xp))=(f*(dh))(Xp).

It is also clear that a wedge product can be pulled back component wise ,
i.e.,f*(wAn)=f*(w)Af*(n).

If p G M is an arbitrary point , then we can introduce a local coordinate
systemf=(x1,...,xn):U”Rnaroundf(p),wheren=dimN (!).
By continuity of f, we can also find an open neighborhood V of p, such
that f (V) C U . Then foranyw G Uk ( N ), we can write

w\U=<=Wil...ikdx11 A m mm A dxik,
1<ii <see <ik

hence
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(F*w)\W=<=f*(wii...ik)f* (dxii)AmmmAf*(dxik)

[<ii <eee <ik

=<= (wii...ikof)d(xilof) A mmmA d(xikof).
1 <ii<eee<ik <n

and

(f*(dw))\W=<=d (wii...ikof) Ad (xii of ) A— Ad ( xik of ) =
d(f*(w)).

1<=ii<---<ik<n
O

Proposition Lie derivation and exterior derivation of differential forms

commute , that is
Lxod=doLx.

Proof . Using the usual notation , for any differential form w , we have
Lx (dw)=d ($* (dw))\t=0=ddtd (T* (w)) \t=0.

In the last expression , we can change the order of differentiation with
respect to the parameter t and the exterior differentiation by Young's

theorem .

Indeed if we write the one - parameter family of forms at = using local

coordinates as
at(p)=ew»i...ifc(p,t)dx11A---Adxik,
I<ii <n

then
eedt3(Mail...ik(p,t)dxjAdxll AmmmA dxik
I<ii<---<ik<nj=1n
=—eedjjdtail....ik(p,t)dxjAdxl1 AmmmA dxlk
1<ii < - - - <ik <nj=1
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=d (drt"t

Consequently, <=x(da)=j-d(Tt*(a))|t=0o=d (ftTt*(a) [t=0) =
d(<=xw).o

Proposition ( Cartan's Formula ) . Exterior differentiation and inte - rior
product with a vector field are related to Lie derivation of differential

forms by the formula

<=x=ixod+doix.

Proof . The formula is true for functions f G QP (M), since
<=x(f)=X(f)=df (X)=ix(df)=ix (df) +d (ixf).
In the last step we used that ix is 0 on smooth functions .

If the formula holds for a form a , then it holds for da . Indeed ,

<=x(da)=d(<=xa)=doixod(a)+dodoix(a)=doixod(a

),

on the other hand ,

(ixod+doix)(da)=ixodod(a)+doixod(a)=doixod(a

).

If the identity holds for the formsa G LIk (M) andn G HI (M), then it
holds for their wedge product as well . Using the Leibniz rule for <=x,

we get

<=x(aAn)=<=x(a)An+aA<=x(n)
=ix(da)An+d(ixa)An+aAix(dp)+aAd(ixn).
Computing the other side (ix°d+doiX)(wAnN)
Zix(dwAn+(—1)kwAdrj)+d(ixwAn+(—1)kwAixn)

zix(dw)An+(—1)+dwAixn+(—1)ixwAdn+(—1)wA
ix(dn)++d(ixw)An+(—1)k-lixwAdn+(—1) kdw A ixn + (
—1)2kwAd (ixn)=ix(dw)An+d(ixw)An+wAix(dn)+w
Ad(ixn).




Since locally , in the domain of a chart , any differential form can be
written as the sum of wedge products of functions and differentials of
functions , the proposition is true .

The formula below can also be used as a coordinate free definition of the
exterior differential of a differential form .

Proposition . IfwG Uk (M), and Xo, . .., Xk are smooth vector
fields on M, then

k

dw(Xo, ..., Xk)="(—irXi(w(Xo, ..., Xi,..., Xk))+
i=0
+A(—1)iHw ([Xi, Xj], X0o,..., Xi,..., Xj,..., Xk).
O<i<j<k

Proof . We prove the formula by induction on k . For a smooth function f
G QP (M), the second sum is empty , and df ( X ) =X (), so the
formula holds . Assume that the formula is true for (k— 1) - forms .

Using Cartan's formula
dw (Xo,...,Xk)=(ixodw) (Xi..., Xk)
=(Lxow) (Xi..., Xk)—d (ixow) (Xi..., Xk).

(Lxow) ( X1..., Xk) can be expressed by a Leibniz - type rule as

follows

(Lxow) (Xi..., Xk)=Lxo(w(Xi...,Xk))—Y ,w(Xi,...,
LxoX<, ..., Xk)

i=1

=Xo(w(Xi...,Xk))+y(—1)kw([Xo, Xi], Xi, ..., Xi,...,
XKk).

Notes
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i=i
The induction hypothesis applied to the ( k — 1) - form iXo w provides
k

—d(ixow) (Xi..., Xk)="A(—i)iXi(ixow (Xi, Xk))+

i=1
+M(—1)i++liXow ([Xi, Xj], Xi,...,X(i,...,XCj,...,Xk)
1<i<j<k

k

=M (—1)iXi(w(Xo, ..., Xi,...,Xk))+

i=1

+A (1) iHw ([Xi, Xj], Xo, ..., Xi,..., X],..., Xk).
1<i<j<k

Adding the last two equations we obtain the statement for w .
The angle between osculating k - planes

Let y: I~ Rn be a curve of general type in Rn parameterized by arc
length . Fix a point to € I and for to +s G I, denote by ak ( s) the angle

between the osculating k - planes of y at to and at to + s for every
k<n.

Proposition . As the parameter to + s G | tends to to , the quotient ak (s )
/ |s| tends to |«fc (to) | .

Proof . The direction space of the osculating k - plane att G 1 is spanned
by the first k Frenet vectorsti (t),...,tk(t). Thus, the angle ak (s)
is the angle between the unit k - vectors (t1 A+<+ Atk) (t0)and (t1 A
e+ Atk)(t0+5s).Byelementary geometry , if an isosceles triangle
has two equal sides of unit length enclosing an angle a, then the length

of the third side is 2sin (a/ 2 ) . Applying this theorem gives

(tiAeesAtk)(to+s)—(tiAescAtk)(to)
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s| sin(afc(s)/2)

When s tends to 0 , the angle ak (s ) also tendsto 0, so
ak (s)/2

lim

shosin(ak (s)/2) Asacorollary, we get

lim Oiisl = lim

s™ho[s| s™o=|| (ti AeeeAtk)"'(t0)

Computing the derivative with the Leibniz rule and applying the Frenet

formulae
(tiAeesAtk)'=tiAecsAtiAces Atk

= (Ki2 A2 Asee Atk + A ti A — A (Kiti+i — Ki-iti-i) A oo A tk .
=2

As the wedge product of vectors vanishes if two of the vectors are equal ,

the only nonzero summand on the right - hand side occurs at i = k
(tiAeecsAtk)'=ti AeeeAtk-iA(Kktk+i)

Combining all we ave

lim=| (ti AesAtfc)'(to)y

SPQISK(to) [T (tiAeeeAtfc i Atfcti) (to)|=|«fc(to) ], asit

was to be proven .
Volume and Dihedral Angles of Inscribed Simplices

Lety: 1" Rn be acurve of general type inRn, k<n. FixapointtG I
and choose k +1 pairwise distinct parametersto, ..., tk G 1. Then the
curve pointsy (to), ..., Y (tfc) span a k - dimensional simplex , the k

- dimensional volume of which we denote by VK (to, ..., tk) . Itis
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clear that if all the parameters to, ..., tk tend to t simultaneously , then

this volume tends to O .

Proposition . The limit of the volume VK (to, .. . , tk) divided by the
product of the edge lengths of the simplex spanned by the points Y (to)
.« -+, Y (tk)asall the parameters ti tend to t , is equal to

(t)e++Kk-1(t)].

Proof . The volume of a simplex can be obtained from the wedge product

of the edge vectors running out from one of the vertices

VK (to,..., tk)=Kj[[(Y(ti)-Y(to))A---A(Y(tk) -Y (t0)
)

We know that the mth order divided difference of y has the following

explicit

During the proof of Theorem we showed that right - hand side isa 0
weight linear combination of the points y ( C ) . Consequently , equation
also holds . Consider equationform =1, ... , k and take the wedge
product of these k equations . Applying Proposition we get

YI(to,t1)Aees AYk(". .. tk)

Taking the length of both sides and rearranging the equation gives
VK (to,... ,tfc) _1||7i(*o,*i)AmmmAyk(to,.. ., tk)]]
no<i<j<fcii7 (tj) -y (ti)| no<i<j<kiiYi(ti, tj)].

As we know the limits of the higher order divided differences as all the
tj's tend to t , we can compute the limit of the right - hand side easily

VK (10, ..., tk) T(AL\[(Y;AmmmAY(K))(t)]
no<i<j<k 1Y () - Y (ti) K U=1m7|[Y/(t)]|(k+1)k/2.

IY/AmmmAY(K)| |Ak| Koo «k| v(k+1)k/2Kk-1.Kk-2
Kk,

which completes the proof .




By elementary geometry , if the area of a triangle is A and its side length
area, b, c, then the radius R of the circumcircle of the triangle is
expressed by the formula

abc
_4A.
Thus , our theorem for k _ 2 has the following corollary .

Corollary . For a curve Y: I~ Rn of general type in Rn, and for any three
distinct points to, tpt2 in |, denote by R (to, t1,t2) € [0, to] the
circumradius of the triangle Y (to) Y (t1) Y (t2). Then

IimR(to,t1,t2) _|—Ay.
to,ti, 2 |«1(1)]

Though for k > 2 the limit in Proposition involves several curvatures , it
IS possible to construct expressions of the volumes of faces of various
dimensions of a simplex whose limit gives one single curvature . An

example of such a formula is Darboux's formula for the second curvature

Corollary ( Darboux ) . Using the notations of Proposition
limH V3(to,t1,t2,t3) _|K2(t)].

to, ti,t2,t3M2yj V2 (t1,t2,t3) Vr2 (to,t2,t3) V2 (to,tl1,t3)
V2(to,tl1,12)

Consider again a curve y : I * Rn of general type in Rn,
and let 2 <k <nbe an integer . Fix apointt,€Tandifk n,

then suppose that Kn- 1 (t) _ 0. By Proposition when the points to, . . .
, tk € I are sufficiently close to t , the simplex S spanned by y (to), .. .,
Y (tk ) will be non - degenerate . Consider two facets of S , say the facet
F spanned by the pointsy (fo), ...,y (tfc-i)and F spanned by y (t1
),..., Y (tk).These two facets intersectalonga (k—2) -
dimensional face L=FnFl.Leta=a(to,...,tk) betheangle of the
(k—1) - planes spanned by the facets F and F1 .
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We remark that if 0 is the angle between the outer unit normals of the
facets F and F1 , then the dihedral angle of the simplex at the (k —2) -
dimensional face L is defined to be the complementary anglen — 0. The
angle a of the (k— 1) - planes is the smaller of 0 and the dihedral angle
0—0,thatis,a=min{O,n—0}G[0,n/2].

Proposition / / the distinct parametersto, . .., tk G | tend to t simul -

taneously , then
ya(to,. .. tk)=Kk-i(F)
Vi™ fy7 (tk) —Y (to) || =~.

Proof . Denote by P the vertex y (tk ), by P" is orthogonal projection
onto the (k — 1) - plane containing F , and by P" its orthogonal
projection onto the (k— 2) - plane spanned by L . The triangle PP'P"A
is a right triangle with right angle at P' and angle a at P" . For this reason
,sin(a) =-ppy . PP'is the height of the original simplex corresponding
to the facet F , PP" is the height of the simplex F corresponding to its
face L . Thus , we can compute the lengths of these segments from the

volume formula for simplices:

PP'=ke+Vk(t0,...,tk) ,andPP"=(k —1)mVk-i(tl,... k).
Vk-1(to, . .. tk-1)  Vk-2(ti, ..., tk-1)

For simplicity , denote by , Ep , Ep , and the product of the edge lengths
of the simplices S, F, F1, and L respectively . It is clear that ES m EL =
EpmE pm|Y (tk)—Y (to)|.Consequently

sin(a) PP'm Epm Ep

IY (tk) —Y (to)||=PP"m Es m El

Vk(to, ..., tk)Vk-2(tl, ... tk-1)

=km es el

k—1~-1n0 o0 tk-1)VKk-1(tl,. .. ,tk)Ep E_p
Computing the limit of the right - hand side applying Proposition

sin(a(to,...,tk))
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y7 (tfc) -y(to)y

1120 eee (k-1)1e(k-1)!

The above equation shows that a tends to 0 as all the tj'stend to t ,

therefore a/sin (a) tends to 1, so the equation implies the statement .

Check your Progress 1

Discuss Plane Curves

Discuss Convex Curves

11.6 LET US SUM UP

In this unit we have discussed the definition and example of Plane
Curves, Convex Curves, Interior Product By A Vector Field , Exterior
Differentiation

11.7 KEYWORDS

Plane Curves .... This section we deduce some facts on plane curves

from the general theory of curves

Convex Curves.... A plane curve A simple closed plane curve 7 is

convex

Interior Product By A Vector Field ..... The interior product of a smooth

vector field X and a differential
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Exterior Differentiation.... The differential df of a smooth function f G
QP (M) is the differential 1 - form df G H1 (M), the evaluation of
which on a vector field X is given by df ( X ) = X ()

11.8 QUESTIONS FOR REVIEW

Explain Plane Curves

Convex Curves

11. 9 SUGGESTED READINGS

Differential Geometry, Differential Geometry & Application,

Introduction to Defferential Geometry, Basic of Differential Geometry.

11.10 ANSWERS TO CHECK YOUR
PROGRESS

Plane Curves
Convex Curves
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UNIT-12 : THE GAUSS—BONNET
FORMULA

STRUCTURE
12.0 Objectives
12.1 Introduction

12.2 The Gauss—Bonnet Formula
12.3 Steiner's Formula
12.4 Minkowski's Formula

12.5 Let Us Sum Up

12.6 Keywords

12.7 Questions For Review

12.8 Suggested Readings

12.9 Answers To Check Your Progress

12.0 OBJECTIVES

After studying this unit , you should be able to:
e Understand about The Gauss—Bonnet Formula

e Steiner's Formula

® Minkowski's Formula

12.1 INTRODUCTION

Differential geometry arose and developed as a result of and in
connection to the mathematical analysis of curves and surfaces
Mathematical analysis of curves and surfaces had been developed to
answer some of unanswered questions that appeared in calculus like the
reasons for relationships between The Gauss—Bonnet Formula ,

Steiner's Formula , Minkowski's Formula

115




Notes

116

12.2THE GAUSS—BONNET
FORMULA

Consider a surface M C R3 in R3 . Define a local orthonormal frame el ,
e2 , e3 over an open subset U of M . Define the one forms a% and wj in
the usual way . Then the Levi - Civita connection V of M is determined

by the form w2 = —wz2 through the relations
Vxel=wf(X)e2,Vxe2=wr(X)el.

The structure equations for dw?2 yield the equation
dw2=wj|Aw2+w2Awf+w3 Awf=—w3AwW3.

The form w3 A w3 is a multiple of the area form al A a2 of the surface

M . The multiplier f in the equation
w3Aw3=falAa2

can be obtained by evaluating both sides on the orthonormal system el ,

e2 . This gives
f=w3Aw|(el,e2)=det

According to equation the matrix on the right - hand side is the matrix of
the second fundamental form of M with respect to the orthonormal basis
ei, e2, consequently , its determinant is the Gaussian curvature K of M .

We conclude that
dwr=A=Kal Aa2.

Applying Stokes' theorem this formula implies that fixing an orientation

of U, and a regular domain D C U,

Variants of this formula together with the geometrical interpretations of

the second integral are called local Gauss - Bonnet formulae .

12.3 STEINER'S FORMULA




Steiner's formula , named after the Swiss geometer Jacob Steiner ( 1796 -
1863 ) , asserts that for a compact convex subset K of Rn , the volume of
the parallel body

B(K,r)={q€Rn|d(q,K)<r}
is a polynomial

of degree n of r . The constant Wj ( K ') appearing in the coefficient of rj
is a geometrical invariant of the convex body K, called its jth
quermassintegral . The number Vj ( K given by the equation wn - jVj (
K)=(—)Wn-j(K), wherewn - j denotes the volume of the (n—j
) - dimensional Euclidean unit ball , is the j th intrinsic volume of K .

For example , the constant term WO ( K) =Vn ( K) is the volume of K .
The coefficient 2Vn - 1 (K') =nW1 ( K) of r is the surface volume of
the boundary of K . The coefficient of rn - i is the average width of K
multiplied with a constant depending only on the dimension . The
coefficient wnV0 ( K) = Wn ( K ) of rn does not depend on K , it is the

volume of the n - dimensional unit ball for all K .

In this part we compute a smooth analogue of Steiner's formula . A
practical formulation of the problem we want to solve is "How much
paint we need to cover one side of a surface with a coat of paint of
thickness r?" . As the layer of paint has positive thickness , it fills a part
of space between the original surface M and a parallel surface of M lying
at distance r from M .

Definition . Let M be a hypersurface in Rn, with unit normal vector field
N and moving orthonormal frame el, ..., en = N. For a real numberr €
R, we define the parallel surface Mr of M lying at distance r as the

image of the map xr: M~ Mr , Xxr=x +ren.

The following proposition summarizes some basic facts on the geometry

of the parallel surfaces .

Proposition . The differential of the map xr : M Mr has maxi - mal rank
(n—1)atp€Mifand onlyif 1/ris nota principal curvature of M at
p . If pis such a point, then the tangent spaces TpM and TXr (p ) Mr are

parallel,
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the principal directions of M at p are also principal directions of Mr at xr
(p) . If the principal curvatures of M and Mr are computed with respect
to the unit normal vector field en , then if the principal curvature of M
corresponding to the principal direction v € TpM is Ki , then the
principal curvature of Mr corresponding to the same principal direction v
€ETxr (p)MrisKi/(1—rKi).

Proof . The differential of the map xr is dxr = dx+rden ="n - ei (al
+r°In’) . In a coordinate free way , dxr takes the tangent vector v € TpM
to the vector v—rLp (v ), where Lp is the Weingarten map of M atp €
M . This means that the map dxr has maximal rank at p € M if and only if
1/risnota principal curvature of M at p . Assuming that xr has
maximal rank , the tangent space of Mr at xr (p ) is parallel to im ( ITpM
—rLp)=TpM. Thus, we can chooseelox-1,...,enox-1asan
orthonormal frame on Mr . By the chain rule , the Weingarten map of Mr
atxr(p)is—d(enox-1)(xr(p))=Lpo(ITM—rLp)-1.This
proves that if v is a principal direction of M with principal curvature Ki ,
then v is also a principal direction of Mr with principal curvature Ki / (1
—rKi).

Proposition . If D C M is a compact connected regular domain in M such
that 1 / r is not a principal curvature of M at any point of D , then the

volume measure of Dr = xr ( D ) C Mr can be expressed by the formula

(—1)i
Ki(p)dp)

R as the absolute value of a degree n — 1 polynomial of r , where Ki ( p

) denotes the ith elementary symmetric polynomial
Ko(p)=1,

Ki(p)=Kl(p)+ +Kn-1(p),




Kn-1(p)=KI(P)*«K2(p)e*+*Kn-I(p)ofthe principal curvatures
Ki(p),...,Kn-i(p)atp.

Proof . As the derivative of xr at p is the linear map (IT M —rLp), the
pull - back of the volume form of Mrto M isdet (/ Tx( )M —rLx (.)
Jal Aee<+Aa"-1.Forthisreason,

Pn-i(Dr)=/|det(/TpM—rLp)|da(p),
JD

where the integral is taken with respect to the volume measure a of M .
The integrand can be expressed with the help of the characteristic

polynomial of Lp as

det (/TpM —rLp))=rn 1 «det™l Itpm —LpN=rm1]—[ "1 — KO
(p)"

n—1 n—1
:rn_1<:(—1)%(p)zn—i—i:e("i)'K'(p)rJ'
=0 i=0

Since 1/ ris not a principal curvature at any point of D , det ( ITpM —
rLp ) does not vanish on D , therefore , as D is connected , it has constant
sign . As a corollary we obtain that the integral of its absolute value is the

absolute value of its integral . Combining these observations ,
Jdet (ITpM —rLp)da(p)="(—1) O KO (p)dp*A
as we wanted to prove .

The layer of thickness r over the regular domain D C M , lying between

D and Dr is parameterized by the map
h: Mx[0,r]*"Rn,h(p,s)=p+sen(p).

We claim that if D is compact and r > 0 is sufficiently small , then h is a
diffeomorphism . Using the natural decomposition T (p,s) (M x [0, r]
)=TpM [ Ts[0, r], the tangent space T (p,s) (M x[0,r])is
spanned by the vectorsel (p),...,en—1(p)andd(s), where the
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vector field d on R is the unit vector field corresponding to the derivation

of functions with respect to their single variable .

The images of these tangent vectors under the derivative map of h are ei (
p)—sLp(ei(p)),....en-1(p)—sLp(en-1(p))anden(p).
These vectors are linearly independent if 1 / s is not a principal curvature
of M at p . If M has a positive principal curvature at a point p of D , then

let

k+ = max max kAp )
pED 1<i<n -1

be the maximal value of principal curvatures at all points of D ,
otherwise set k+ =0 . From the previous arguments , if 0 <r<1/k+,
then the derivative of h has maximal rank n at each pointof D x [0, 1],
hence h is a local diffeomorphism by the inverse function theorem .
Suppose that h is not a diffeomorphism for any r > 0. Then, since h is a
local diffeomorphism for small values of r, the reason why it is not a
diffeomorphism for these r's , is that h is not injective . If h is not
injective forther=1/2,1/3,...,1/k, ..., then we can find two
sequences of pairs ( pk , sk ) = ( p*k, s*k ) such that pk , p*k G M, sk,
sk G(0,1/k),andpk +sken (pk) =p*k +s*ken (p*k) . Since D is
compact , there is a convergent subsequence of the sequence pk , say pki
which tends to p as i tends to infinity . Then the pairs ( pki, ski ) and ( pk
, S*ki ) tend to the pair (p, 0) But then (p, 0 ) would not have a
neighborhood on which h is injective . This contradicts that h is a local

diffeomorphism .

Proposition . Using the above notation , if h is a diffeomorphism the
volume of the layer of thickness r over D parameterized by h is equal to

the polynomial

Proof . Introduce on M x [0, r] the Riemannian metric , in which the
basisel (p),...,en-1(p),d(s) isorthonormal . The pull - back of

the volume form of Rn by h is the form
tdet(/TpM—sLp))~1 AecAdan1 Ads,

where the sign depends on the orientations chosen . Thus,
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and the absolute value can be omitted . We conclude

fn—1
Mu=/{n-»(JIDKMd>)d=em— (X Kk-1MdOri)rk,
as it was to be proven . m

Exercise . Prove that the above proposition implies Steiner's for - mula
for the volume of parallel bodies of a convex body K , the boundary M =
dK of which is a smooth hypersurface in Rn . Show that we get the

following explicit expression for the coefficients of the polynomial:
An(B(K,r))=An(K)+I(/1Kk-1(p)|d*rk. q
b—1\D /

Exercise . Show that if K is a convex body in Rn bounded by a smooth

hypersurface M with Gauss - Kronecker curvature function
K=Kn-i,then

IK(p)\da(p)=n~n,

‘M

where wn is the volume of the n - dimensional unit ball ( consequently ,

nwn is the surface volume of the unit sphere Sn-1inRn) .

12.4 MINKOWSKI'S FORMULA

Being important geometrical invariants of a convex body , the
coefficients of the polynomial in Steiner's formula are studied thoroughly
. In this part , we focus on the coefficient rn - 1, which is , up to some
constant multiplier , the integral of the ( n— 1) st elementary symmetric
polynomial of the principal curvatures of the boundary hypersurface of K
. Hermann Minkowski ( 1864 - 1909 ) proved that if K is a compact
convex set in Rn, then this coefficient is the average width of K up to

some constant , depending only on the dimension n .
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We prove below a formula which is true for any compact hypersurface M
in Rn which , in the special case when M is the boundary of a convex set
reduces to Minkowski's formula .

Proposition ( Minkowki's Formula ) . Let M be a smooth compact
hypersurface in Rn, en: M ~ Rn be a unit normal vector field on M . Let
pn: M~R ,pn(p)=(en, p) denote the signed distance of the origin

from

the affine tangent space of M at p . Then denoting by a the surface

volume measure on M , we have
N Kn-2da=fPnKn -ida,
n-1JM JM

where the elementary symmetric polynomials Ki of the principal
curvatures of M taken with respect to the unit normal vector field en are
defined .

Proof . Let x: M~ Rn be the inclusion map , and choose a positively
oriented orthonormal frame ei , . . ., en over an open subset U of M and
orient M so that the vector fields (ei, ..., en-i) give positively
oriented bases at points of U . Consider the functions pi: UAR , pi(p) =
(ei, p) . Using the fundamental equations of hypersurfaces , we can
express the differentials of the functions pi by the equations

dpi=(dei,x)+ (ei,dx)

=fa=1Pj—I +ai

\ejuPj—n,

Define the differential (n — 2 ) - formnon U as
n—1
N="A(—!)i+lPi-nAecA-nAeA-n—1,
i=1

where the hat above — n means that — n is omitted . Compute the

differential of n . Clearly ,
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n—1

dn="(-1)i+ldpiA—nAesesA—nAecsesA—1 1+

i=1n—1
+AN(-1)itjpi—nAeccAd—nAcccA—nAecee A—rf—1+
i=1l1l<j<in—1

+AN(-1)i+j—1pi—n A sseA—nAseeAd—nAsA—n—1,
i=li<j<n—1

hence

n—1n

=eM(-1)itlpjwjAwl Aeeec Aw? Aeec Aw?—1+
i=1j=1n—1

+E(-1)itvaw?acesaw?acesa’n—1+

i=1

n—1 n

+eee(-!)i+jpiwna- - -a ( Wkaw? ) aaw? aaw?—1+

i=1 1<j<ik=1n—1 n

+EEE(-!)i+j—1Pi"n A eesAN A vecA (W) AW?) A ooeA wl—1.
i=li<j<n—1k=1

The sum of the last two terms can be simplified as

n—1
ee(-1)itjPiwn Aeec A(WJAW?)Aeec AW? AP AW?—1 +
i=1 1<j<in—1

+ee(-1)i+j—I1PiWn A secA W? A sesA (Wj AW? ) A sosA w?—1
i=li<j<n—1
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n—1

=ee(-1)(i+)+(j—1)+(i—j—1)piwj A w? A sse A W2 A oee A

w?—1 +
i=11<j<in—1

tee(-1)(i+—1)+(j—2)+(j—i—1)piwj Aw? A sA W2 A

e A w?—1

i=lij<n—1n—1n—1
=zee(-1)jPiwj Aw? AsccAw? Aeee Aw?—1.
i=1j=1

Substituting back into the last formula for dn we obtain
n—1

dn=Pn™M(—1)itlwrAwi"Aeec Aw"'Aeee Awl—1+
i=1

n—1

+E(-1)i+1ffi Aw? A eee Aw? A eee Aw?—1

i=1

n—1

=(n-1)p?wnAec Aw?—1+e(-1)it1"N AwnA e Aw? Aeee A

w?>—1.

i=1

Theformsn,Pnew" Aeee Aw"—land J2"=— (—AW'Aese* A
WIM A e e e A w" iare natural forms on M in the sense that they do not
depend on the choice of the orthonormal frame . Indeed , ifvl, ...,
vn—2 € TpM , then nP (vi, ..., vn—2) is the signed volume of the
parallelepiped spanned by the orthogonal projectionn (p) =5""=/Pi(p
)ei(p)ofponto TpMand Lp(vl),...,Lp(vn—2),whereLpis
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the Weingarten map at p . The differential formpnAw"A”" ¢« sAw" 1 is

the volume form of M multiplied by the product of the Gauss -
Kronecker curvature Kn - 1 and the signed distance pn of the origin from
the tangent plane . Naturality of the third form follows from equation and

naturality of the first two forms . Computing the third form using a frame
whose vectors point in principal directions at a point , we see easily that
n—1

M(—1)itlai AW"'Aeee AWMAeee Aw'—1=Kn—2al Aeees A

an—1 .
i=1

The importance of naturality is that although the formsn , pn e w" A ¢«
cAw" landLM-I"VAW"Aeee Aw" Aeee Aw"—1 were defined
locally , on an open set, on which a local orthonormal frame el , ..., en
can be defined , these forms are globally defined on M and relation also
holds globally on M . If M is a compact hypersurface ( with no boundary
) , then by Stokes' theorem

/dn=n=0,

Jm Jbm

thus , integrating we obtain the formula

AN [ Kn—2da =/ p™Kn—1da

n-1Jm Jm

we wanted to show .

Exercise . Prove that for a compact hypersurface M C Rn,
| enKn—1d&=0. p.

Jm

Hint: Apply Minkowski's formula with different choices of the origin of

the coordinate system .
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In the special case , when M is strictly convex and the Gauss map en: M
A Sn—1 is a diffeomorphism between M and Sn—1 , the second integral
can be rewritten as an integral on the sphere .

Since the derivative map Tpen: TpM*Ten (p) Sn1lis—Lp, the pull -
back of the volume form of Sn-1byenis(—Il)n-1Kn-1al A -+ <A

an - 1. Consequently ,

Definition . The width wK ( u ) of a compact set K C Rn in the direction
u G Sn - 1 is the width of the narrowest slab bounded by hyperplanes
orthogonal to u that contains K . The width is given by the formula

wK (u)=max (u,x)—min(u,Xx).
XGK xGK

Definition . The mean width w ( K') of a compact set K C Rn is the

average of its widths in different directions , that is

If K is a compact convex regular domain with boundary M = dK , and
en: M~ Rn is the exterior unit normal vector field along M , then for u G
Sn-1, (u,x) attains its maximum ( or minimum respectively ) on K at
the points x G M of the boundary , at whichen (x)=u(oren(x)=—
u re - spectively ) . Atsuch apoint (u,x)=pn(x) (or(u,x)=—pn
(x) respectively ) . In the special case , when the Gauss map is a
diffeomorphism between M and Sn - 1, we get

Thus , we get the following corollary of Proposition also known as

Minkowski's Formula .

Corollary ( Minkowski's Formula on the Mean Width ) . Let K C Rn be a
compact convex regular domain with boundary M = dK, such that the
exterior unit normal vector field en : M~ Rn along M is a
diffeomorphism between M and Sn - 1. Then the coefficient of rn - 1 in
the polynomial expressing the volume of B (K, r) is equal to the

following quantities
Rigidity of Convex Surfaces

Cauchy's rigidity theorem for convex polytopes says that the shape of a 3

- dimensional convex polytope is uniquely determined by the shapes of




the facets and the combinatorial structure describing which are the
common edges of the neighboring facets . More formally , if we have
two convex 3 - dimensional polytopes Pi and P2 and a bijection 4: 3P\~
dP2 , which maps each facet of Pi isometrically onto a facet of P2 , then

4 extends to an isometry of the whole space R3 .

We want to prove a smooth analogue of Cauchy's rigidity theorem here .
In - stead of two convex polytopes , we shall consider two convex
compact regular domains , Ki and K2 in R3, and require that the
bijection 4: dKi * dK2 between their boundaries be a bending . This
means that 4 should preserve the lengths of curves lying on the boundary
of Ki .

Let M be a smooth hypersurface in Rn , ei, ..., en be a local
orthonormal frame on an open subset U C M, h: M * M be a bending of
M . Then the images of ei , . . ., en - i under the derivative of h yield an
orthonormal tangential frameei, ..., en-ialongh (U ), which can be
extended uniquely to an orthonormal frame ei , . . ., en having the same
orientation asei, . . ., en . Using this frame on M , we can introduce the
differential 1 - forms ed , and the functions p”, in the usual way . Instead
of working with these differential forms and functions , we prefer to
work with their pull - back forms ed = h*aj , wj = h'wj and the functions
pj = pj o h. Since h is an isometry of Riemannian manifolds , = cd . The
Riemannian metric also determines the Levi - Civita connection , which
is encoded by the one forms wj for 1 <i,j<n—1, so we also have wj

=wjjforl<i,j<n—1.

As the following proposition claims , the exterior shapes of U and h (U)

are determined by the forms w" and w" .

Proposition . If U is connected , then h\u extends to an orientation -
preserving isometry of the whole space if and only if wj = w" for 1 <i <
n—1.

Proof . The easier part of the statement is that if the bending extends to
an orientation preserving isometry of the space , then w" =w'n . We

leave the details of this direction to the reader .
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Assume now that wn =w" forall 1 <i<n-—1.Choose apointp G U
and an orientation preserving isometry 4 of Rn such that4 (p)=h(p)
and Tp4 (ej(p))=¢ej(h(p))forl<i<n—1.Thenh=4-iohisa
bending of M which fixes p and the frameei (p),...,en-i(p).
Denote by ei, . . ., en the frame induced on h ( U ) in the same way as

the frame ei, ..., enwas obtainedonh (U).

Lety: [0, 1] ™ U be a smooth curve starting fromy (0 ) = p . Consider
the collection of the vector valued functions (eioy, ...,enoy): [0,
1] "Rn.

It satisfies the system of differential equations

d n

dtOY)(t)=Ylwj(Y'(T))(elOY)(t), (1<i<n)
j=1

The same system of differential equations is satisfied also by the vector
valued function (eioho7,...,en0h07):[0, 1] ~Rn. Both
solutions start from the same initial vectors at O , therefore , by the
uniqueness of the solutions of ordinary differential equations with given

initial value ,eio7=eioho7fori=1,...,n.From this we obtain
n—1 n—1

Y ()=~ (t))ei (Y (t))="n(7/(T))ei(h(Y(1)))=(hoY)
I(t),

which impliesbyy (0)=h (Y (0))=pthaty=hoy.Since U is
connected , y (1) can be any point in U, consequently h$—1 o h = idM
, that is , T extends h|U to an isometry of the whole space . o

The main tool of proving the rigidity of convex surfaces in R3 is a gener
- alization of Minkowski's formula due to Gustav Herglotz ( 1881 - 1953
) . This formula has the same form as Minkowski's formula , but some of
the "ingre - dients" of the formula are taken not from the hypersurface M

but from a bending M of M . This way , Herglotz's formula relates the




geometries of M and M to each other , and in the special case , when M =

M , it returns Minkowski's formula .

Proposition ( Herglotz's Formula ) . Let M be a compact hypersurface in
Rn, h: M~ Rn be abending, h (M) =M. Starting with a local
orthonormal frame ep . . ., en over an open subset U of M define the
forms wj , wj and the functions Kn—2 , pi and pi as above . Then the

forms

pn(sn-wnAeseAw"'"Aeee Awn—1"and Kn—2e+al Ase* A
an— 1 do not de - pend on the choice of the frame , consequently they
are properly defined over M , and A wn A *ssA wn—1 ) =fKn—2 « al
AveecAan—1.JJm

Proof . The proof follows the same line of computation as the proof of
Min - kowski's formula , the only difference is that some terms are
marked with a bar to indicate that they come from the bent surface MM .
Due to the similarity of the two proofs , we skip some details . Define the
differential (n—2) - form

n on M by the equation

n—1

n=e(-1)i+1"nA e ANA e A n—1,

i=1

and compute its differential as

n—1

dn=A(-1)i+1dpi A w" A ese A w" A ses AW"—1+
i=ln—1
+tee(-1)itj9wnAsec Adw" Aees Aw" Aees Aw"—-L+
i=1 1<j<i

n—1

+ee(-1)it —1J4iwn A sssA Wn A sesA dw" A *sA w"—1
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i=li<j<n—1

hence

n—1n

dn=ee(-1)i+IPJjWjAW"A---AW" APAW"—1+
i=1j=1n—1
te(-1)itIfiAw' ' Aeeec Aw'Aeec Aw'—1+

i=1

n—1n
teee(-1)itjpw"accca(wkawn)aeeecaw"acecaw"—1+
i=11<j<ik=1ln—1 n

teee(-1)J+ —1piw"A---AwnAsesA(WAW')AAW'—1
i=1 i<j<n—1k=1

The sum of the last two terms can be simplified to

n—1n—1

ee(-1)jpwjAw" Aeec Aw" Acee Aw"—1.

i=1j=1

Substituting back we obtaindn=pn e w" Ase*s Aw" Asee Aw"'—"
+Kn—2effl AeeeAan—1.

The formsn,p>ni, 1 W'A -+ sAw"A" ¢ " Aw"— 1 and Kn—2al A - »
*Aan—1 do not depend on the choice of the orthonormal frameel, . ..,

en—1 , hence they are

defined globally . For example , ifvi,...,vn-2 & TpM , thennP (v 1,
..., vn-2)isthe signed volume of the parallelepiped spanned by ( Tph
)-1(n(h(p)))andLp(Vvl),...,Lp(vn-2),wheren(h(p))is
the orthogonal projection of h (p) onto Th (p) M, Lp is the

Weingarten map at p . Naturality of the third form was obtained during
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the proof of the Minkowski formula , that of the second form follows

form the relation between the three forms .

If M is a compact hypersurface with no boundary , then integrating we

obtain Herglotz's formula .

Theorem . Let M and MI be the boundary surfaces of the compact
convex regular domains C and C in R3 . Assume that M has positive
Gaussian curvature K2 > 0 and that there is a bending h: M~ M . Then h
extends to an isometry $ of the whole space . In particular , C and C are

congruent .

Proof . Orient M and M so that augmenting a positively oriented basis of
one of the tangent spaces by the exterior unit normal of C or C
respectively give a positively oriented basis of the space R3 . We may
assume without loss of generality the h: M~ M is orientation preserving ,
otherwise consider instead of h a composition of h with a reflection in a

plane .

Let us use the same notations as in Minkowski's and Herglotz's formulae
. Translating C and C we may assume that the origin is in the interior of
CandC.Thenp3>0andp3>0.

The integral of the Minkowski curvature H = K1/ 2 of M over M can be

expressed both by Minkowski's and Herglotz's formulae as

of the volume form al A a2 . We show that the function f is non -
positive . Fix a point ¢ G M and choose a positively oriented orthonormal

basis v1, v2
in Tg M then
"AM(vi)wf(v2) . wf (vi)wf(v2)

is the matrix of the second fundamental form and the Weingarten map of
M at g with respect to the basis (v1, v2) . For this reason , B is negative
definite , and has determinant K2 (q) . Similarly ,

wf(vi)wf(v2) .wf(v1l)wf(v2)y
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is the matrix of the second fundamental form and the Weingarten map of
M at h () with respect to the basis (Tgh (v1), Tgh(v2)),anditis

also negative definite , and has determinant K2 (q) .
Consider the quadratic polynomial
D(c)=det(B-cB)=K2(q)(c2—tr(BB-1)c+1).

Since B is negative definite , B— cB is positive definite for large c,
consequently , D must have a positive root cO > 0 . Since the product of
the two roots is 1, the second rootis1/cO. ThenD (¢c)=K2(q) (c
—c0)(c—1/cO0)and

f(q)=D(1)=—K2(q)(1—c0)2<0.
co

Equality f (q) =0 holds if and only if tr (BB - 1) = 2. But we also
know that det (BB -1)=1, hencef(q) =0 ifand only if both
eigenvalues of BB - 1 are equal to 1 . Since both B and B are symmetric ,
and B is negative definite , BB - 1 is diagonalizable because of the
principal axis theorem . This way , the eigenvalues of BB - 1 are equal to
lifandonlyif BB-1=1and B=B. Asacorollary, we obtain

fHda —fHda=1/P3 (" —~f)A(W3—"2)="/Pzfal Aa2<0,
M IM 2IM 2IM

which implies

/ Hda < Hda .

‘™M JM

However , the role of M and M is symmetric , so the reversed inequality
/Hda>/Hda'M JM

must also be true , therefore we must have equality in both inequalities .
Equal - ity implies f =0, which can hold only if the matrices B and B are
equal for each g G M and each choice of viv2 G TgM , that is , if w3 =
w3 and w3 = cf3 . However this condition is equivalent to the
extendability of h to an orientation preserving isometry of the space R3 .
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Geodesics

We define the length of a smooth curve 7: [a, b] * M lying on a
Riemannian manifold (M, (, }) to be the integral

It is worth mentioning that the classical definition of length as the limit
of the lengths of inscribed broken lines does not make sense , since the
distance of points is not directly defined . The situation is just the
opposite . We can define first the length of curves as a primary concept
and derive from it a so called intrinsic metricd (p,q), at least for
connected Riemannian manifolds as the infimum of the lengths of all
curves joining p to g . The metric enables us to define the length of
"broken lines" given just by a sequence of vertices Pi, . .., Py to be the
sum of the distances between consecutive vertices . There is a theorem
saying that the length of a smooth curve 7: [a, b\ * M is equal to the
limit of the lengths of inscribed broken lines 7 (to), Y (ti),..., Y (tn
),a=1t) <ty <mmm<ty=basthe maximum of the distances |tj — t;.1]

tends to zero .

To find the analog of straight lines in the intrinsic geometry of a
Riemannian manifold we have to characterize straight lines in a way that
makes sense for Riemannian manifolds as well . Since the length of
curves is one of the most fundamental concepts of Riemannian geometry
, We can take the following characterization: a curve is a straight line if
and only if for any two points on the curve , the segment of the curve
bounded by the points is the shortest among curves joining the two
points . A slight modification of this property could be used to
distinguish a class of curves , but it is not clear at first glance whether

such curves exist at all on a general Riemannian manifold .

For a physicist a straight line is the trajectory of a particle with zero ac -
celeration or that of a light beam . This observation can also give rise to
a definition . We only have to find a proper generalization of
"acceleration” for curves lying in a Riemannian manifold . It seems quite
natural to proceed as follows . The speed vectors of a curve yield a
vector field along the curve . On the other hand , by the fundamental
theorem of Riemannian geometry , the Riemannian metric determines a

unique affine connection on the manifold which is symmetric and
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compatible with the metric . In particular , one can differentiate the
speed vector field with respect to the curve parameter and may call the
result Y" =VYy Y' the acceleration vector field along the curve .

Definition . Let M be a Riemannian manifold , Y be a curve on it . We

say that v is a geodesic if

Vyy'=0.
Remark . More generally , if (M, V) is a manifold with an affine
connection , then the curves satisfying Vy y' = 0 are said to be
autoparallel . Geodesics are autoparallel curves for the Levi - Civita

connection .

Proposition . The length of the speed vector of a geodesic is constant .

Proof . By the compatibility of the connection with the metric , parallel
trans - port preserves length and angles between vectors . The definition
of geodesics implies that the speed vector field is parallel along the

curve , consequently consists of vectors of the same length .

The proposition follows also from the equality

<YI1YI ) l: <Vy yI , yl>+ <y| , Vy y|> :O.

As a consequence , we get that the property of "being geodesic™ is not
invariant under reparameterization . The parameter t of a regular
geodesic is always related to the natural parameter s through an affine

linear transformationi.e.t=as + b forsome a, b G R . This motivates

the following definition .

Definition . A regular curve on a Riemannian manifold is a pre -

geodesic if its natural reparameterization is geodesic .

In terms of a local coordinate system with coordinates (x*,...,x")a
curve 7 in the domain of the chart determines (‘and is determined by ) n
smooth functions 7 ==>=x' 07 (1<i<n). The equation VyY' =0

then takes the form
n

Y¢+rjoyevy==>'eY'=0foralll<k<n.

::>’j:]_
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The existence of geodesics depends , therefore , on the solutions of a

certain system of second order differential equations .

Introducing the new functions v ==> = 7 ==> this system of n second
order differ - ential equations becomes a system of 2n first order

equations

VK=rjoYev==>e\,

=-=> ,j:i

Applying the existence and uniqueness theorem for ordinary differential

equations one obtains the following .

Proposition . For any point p on a Riemannian manifold M and for any
tangent vector X G T,M , there exists a unique maximal geodesic 7

defined on an interval containing O suchthat 7 (0)=pandy (0)=X.

If the maximal geodesic through a point p with initial velocity X is
defined on an interval containing [—e , €] then there is a neighborhood
U of X in the tangent bundle such that every maximal geodesic started
from a point g with initial velocity Y G TqM is defined on [—e , €] .

Since a geodesic with zero initial speed can be defined on the whole real
straight line , for each point p on the manifold one can find a positive S
such that for every tangent vector X G T,M with ||X|| < S, the geodesic
defined by the conditions 7 (0) =p, 7' (0 ) = X can be extended to the
interval [0, 1] . The following notation will be convenient . Let X G
T,M be a tangent vector and suppose that there exists a geodesic 7: [0,
1] ™ M satisfying the con - ditions 7 (0) =p, Y'(0) = X . Then the
point 7 (1) G M will be denoted by exp, ( X) and called the

exponential of the tangent vector X .

Using the fact that for any ¢ G R , the curve t * 7 (ct) is also a geodesic
we see that the geodesic 7 is described by the formula

Y(t):Epr(tX).
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As we have observed , exp, ( X) is defined provided that ||X]| is small
enough . In general however , exp, ( X') is not defined for large vectors
X'. This motivates the following .

Definition . A Riemannian manifold is geodesically complete if for all p
G M, expp ( X ) is defined for all vectors X G T,M .

This is clearly equivalent to the requirement that maximal geodesics are
defined on the whole real line R .

Proposition . For a fixed point p G M, the exponential map expy is a
smooth map from an open neighborhood of 0 G T,M into the manifold .
Furthermore , the restriction of it onto a ( possibly even smaller ) open
neighborhood of 0 G T,M is a diffeomorphism .

Proof . Differentiability of the exponential mapping follows from the
theorem on the differentiable dependence on the initial point for
solutions of a system of ordinary differential equations . To show that
expp is a local diffeomor - phism , we only have to show that its
derivative at the point 0 G T,M is a non - singular linear mapping ( see
Inverse Function Theorem ) . Since T,M is a linear space , its tangent
space To ( T,M ) at 0 can be identified with the vector space T,M itself .
Through this identification , the derivative of the exponential map at 0
maps ToM = To ( T,M ) into ToM . We show that this derivative is just

the identity map of T,M , hence non - singular .

Let X be an element of the tangent space T,M =Ty (T,M) . To
determine where X is taken by the derivative of the exponential mapping
, We represent X as the speed vector of the curvet My (t) =tXatt=0.
The exponential mapping takes this curve to the geodesic curve 7 = exp,
oy, 7 (t)=exp,(tX), the speed vector of which att=0is X, so the
derivative of the exponential map sends X to itself and this is what we

claimed .

By the proposition , we can introduce a local coordinate system , based
on geodesics , about each point of the manifold as follows . We fix an
orthonormal basis in the tangent space TyM , which gives us an
isomorphism i: T,M ~ R" that assigns to each tangent vector its
components with respect to the basis , and then take i 0 exp—* . The map




i 0 exp ' is a diffeomorphism between an open neighborhood of p and
that of the origin in R" , therefore , it is a smooth chart on M . Coordinate
systems obtained this way are called normal coordinate systems , while

we shall call the inverse of them normal parameterizations .

For a Riemannian manifold M , we can define the sphere of radius r
centeredat p G M as the set of points g G M such that d (
p,q)=r,whered (p, g) denotesthe intrinsic distance of p
and g . When the radius of the sphere is increasing , the topological type
of the sphere changes at certain critical values of the radius . For small
radii however , the intrinsic spheres are diffeomorphic to the ordinary

spheres in R" , and what is more , we have the following .

Theorem . The normal parameterization of a manifold about a point p
maps the sphere about the origin with radius r , provided that it is
contained in the domain of the parameterization , diffeomorphically onto

the intrinsic sphere centered at p with radius r .

Formula for the First Variation of the Length

Definition . A variation of a smooth curve 7: [a, b] * M is a smooth
mapping 7* from the rectangular domain [S, J] x [a, b] into M such
thatY* (0,t)=Y (t) foralltGJ[a, b].

Given a variation of a curve we may introduce a one parameter family of
curves Ye,e G [—S, S] by setting 7. (t)=7*(e,t).Byour

assumption , these curves yield a deformation of the curve 70 =7 .

Theorem ( Gauss Lemma ) . Let M be a Riemannian manifold , p€ M,
and denote by S; the sphere of radius r in T,M centered at the zero
tangent vector . Assume r is chosen to be so small that the exponential
mapping is a diffeomorphism on a ball containing S, and denote the
exponential image of S; by S, . Then for any X € S, the radial geodesic t
N expp (X)) is perpendicular to S; .

Proof . Every tangent vector of S, can be obtained as the speed vector of
a curve exp, oft where ft is a curve in S; passing through , 0 (0) = X.
Given such a curve , let us define a variation of the geodesic 7: t ~ expy (

tX ) in the following way

7.(e,t):=expp (tft(e)).
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For a fixed e, the curve is a geodesic of length r so / (E ) is constant .
Thus , the previous theorem implies that

Ozf(O):(ai‘"(O,",Rll)-H".&,A).

Sincey.(e.0)=exp,(Oft(e))=pandy.(e.1l)=expy(ft(e))
,wehaved;Y . (0.0)=0and51y.(0.1)=(expyoft)'(0),

therefore , we get ° = ( (exppoft) (0)

showing that 7 intersects S, orthogonally .

Now we are ready to prove the theorem saying that S, is a sphere in the
intrinsic geometry of the manifold . It is clear thatd (p, q) <r for any
point g on S;, since the radial geodesic from p to r has length r , so all

we need is the following .

Theorem . If 7: [a, b] * M is an arbitrary curve connecting p to a point

of S;, then its length is>r .

Proof . We may suppose without loss of generality that S (b ) is the only
in - tersection point of the curve with S;and S (t) =P fort>a. Then
there is a unique curve 7 in the tangent space T,M such that 7 = exp, 07 .
Let N denote the vector field on T,M \ {0} that is the gradient vector
field of the function f: X i© - ||X]|| on TyM , and therefore consists of unit
vectors per - pendicular to the spheres centered at the origin . The
theorem above shows that the derivative of the exponential map takes N

into a unit vector field N on M, perpendicular to the sets S; .

We can estimate the length of a curve as follows

pb pb
1= WP > (7)), Clry ) ) O
Ja Ja

Since (S'(T),1° (S (1)) is the component parallel to N (¢ ) of the
speed vector 7' ( T') with respect to the splitting T;M = RN (q) © T,S*
atq=Y (1), itisequal to the component parallel to N ( X ) of the
speed vector Y ( T ) with respect to the splitting

TX(TpM)=RN (X)©
TxS*at X =7(T) . Therefore




(50 (1) NS (7 (1) =y (1) n(y (1) =(yr (1) GRADF(y (1)) =
(FO ) v (1)

(se(T) N (s ()T (FO ) e (T)AT — 1y ) -y A=

The proof also shows that the equality | (y ) = r holds only for curves

perpendicular to the spheres S* .

Check your Progress 1

Discuss Gauss—Bonnet Formula , Steiner's Formula

Discuss Minkowski's Formula

12.5 LET US SUM UP

In this unit we have discussed the definition and example of The

Gauss—Bonnet Formula , Steiner's Formula , Minkowski's Formula

12.6 KEYWORDS

The Gauss—Bonnet Formula..... A surface M C R3 in R3 . Define a

local orthonormal frame el , €2, €3, over an open subset U of M

Steiner's Formula.... Steiner's formula , named after the Swiss geometer
Jacob Steiner ( 1796 - 1863 ) asserts that for a compact convex subset K
of Rn,

Minkowski's Formula..... Being important geometrical invariants of a
convex body , the coefficients of the polynomial in Steiner's formula are
studied
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12.7 QUESTIONS FOR REVIEW

Explain The Gauss—Bonnet Formula
Steiner's Formula

Minkowski's Formula

12.8 SUGGESTED READINGS

Differential Geometry, Differential Geometry & Application,

Introduction to Defferential Geometry, Basic of Differential Geometry.

12.9 ANSWERS TO CHECK YOUR
PROGRESS

The Gauss—Bonnet Formula
Steiner's Formula
Minkowski's Formula
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13.0 OBJECTIVES

After studying this unit , you should be able to:

Understand about The Principal Axis Theorem

Induced Euclidean Structures on Tensor Spaces

Curvature of Riemannian Manifolds

Curvilinear Coordinates

Equation of Straight Line

13.1 INTRODUCTION

Differential geometry arose and developed as a result of and in
connection to the mathematical analysis of curves and surfaces
Mathematical analysis of curves and surfaces had been developed to
answer some of unanswered questions that appeared in calculus like the

reasons for relationships between The Principal Axis Theorem , Induced
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Euclidean Structures on Tensor Spaces , Curvature of Riemannian

Manifolds , Curvilinear Coordinates , Equation of Straight Line

13.2 THE PRINCIPAL AXIS THEOREM

Sometimes a Euclidean linear space (V, (,)) is equipped with a
second symmetric bilinear function {, }: VXV AR . In general , a
symmetric bilinear function on a linear space can be defined by its matrix
with respect to a basis or by its quadratic form . Using the inner product
of the Euclidean structure it can also be defined with the help of a self -

adjoint map .

If (xi,...,xn)isa basis of the vector space V and {, } is a bilinear
function on V then the n x n matrix ( bij ) i<i, j<n with entries bij = {xi,
Xj} is called the matrix representation or simply the matrix of { , } with
respect to the basis ( xi, ..., xn) . Fixing the basis we get a one to one
correspondence between bilinear functions and n x n matrices . A
bilinear form is symmetric if and only if its matrix with respect to a basis

IS symmetric .

Definition . The quadratic form of a bilinear function { , } is the function
defined by the equality Q{ , } (x) ={x, x}. IS

Symmetric bilinear functions can be recovered from their quadratic

forms with the help of the identity

xyr=1(Q{,y(x+y) -Q{,}(x) -Q{, }(y)). (i.8)

The following proposition establishes a bijection between bilinear
functions on a Euclidean linear space V and linear endomorphisms L: V
"V,

Proposition . Let (V, (, }) be a Euclidean linear space .
Then for any linear endomorphism L: V AV, the map
{,}: VXV "R, {x,y}L=(Lx, y}

is a bilinear functionon V .
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For any bilinear function {, } on V, there is a unique linear map L: V »

Vsuchthat{,}={,}L.

The bilinear function {, } is symmetric if and only if L satisfies the
identity (Lx, y}=(x, Ly}.

Proof . We prove only (ii ), the rest is obvious . Choose an orthonormal
basis (ei,...,en)inV . Given a bilinear function {, }, the only

possible choice for L ( x ) is
L(x)="2(Lx,ei}ei="x,e"
=1 i=1

which proves uniqueness . On the other hand , if we define L by the last

equality , then

n n
(Lx,y}=<={x, ej} (ef,y} ={x, " (e*, y}er = {x, ¥},
i=1 =1

so L is a good choice . m

Definition . A linear endomorphism L of a Euclidean linear space is said
to be self - adjoint ( with respect to the Euclidean structure ) if it satisfies
the identity (Lx, y} =(x, Ly}.

Lemma . All the eigenvalues of a self - adjoint map L: V "V are real .

Proof . Let x+iy G C be an eigenvalue of L , v+iw G C (g>V be a
corresponding eigenvector . Then the real and imaginary part of the
equationL (v+iw)=(x+iy) (v +iw)gives Lv=xv—ywand Lw =

yv + Xw . Since L is self - adjoint , we have
x(v,w)—ywl2=(Lv,w)=(v,Lw)=x(v,w)+ylv|2,

which yields y (||v[|2 + ||w|]2 ) =0 . However , v + iw = 0 because

eigenvectors are non - zero vectors , thereforey =0 . O

Theorem ( Principal axis theorem ) . Let V be a finite dimensional
Euclidean linear space and let L: VV * V be a self - adjoint linear transfor -
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mation on V . Then there exists an orthonormal basis of V consisting of

eigenvectors of L .

Proof . We prove by induction on the dimension n of VV . The base case n
=1is trivial . Assume that it is true for n = k . Suppose n = k + 1 there
exists a unit vector vi in VV which is an eigenvector of L . Let W =v (- =
{wGV|vlTw}.ThenL (W) C W since we have

(Lw,vl)=(w,Lvl)=(w,Alvl)=Al(w,vl)=0

forany w G W , where Al is the eigenvalue belonging to v1 . Clearly
L|W is self - adjoint . Since dim (W ) =dim (V) — 1 =k, the induction
assumption implies that there exists an orthonormal basis (v2,...,vn)
in W consisting of eigenvectors of L|W . But each eigenvector of L|W is
an eigenvector of L,so (v1, ..., vn) is an orthonormal basis of V

consisting of eigenvectors of L .

13.3 INDUCED EUCLIDEAN
STRUCTURES ON TENSOR SPACES

Let (V, (,)) be afinite dimensional Euclidean linear space . Our goal
now is to extend the dot product in a natural way to tensor spaces and

exterior power spaces constructed from V . Consider the map
K:V2k=VkxVkKk"R,
((vl,...,vk), (wl,...,wk))™(vl,wl)—(vk,wk).

As this map is 2k - linear , it induces a linear map L: T (0>2k ) VAR
such that K =L o (g ) 2k . Composing L with the tensor product
operation (g>: T (0'k)x T (°>k )~ T (0>2k ) we obtain a bilinear

function on T ( 0>k ) , which we also denote

by ().

Proposition . The induced bilinear function (,) on T (0>k ) V is sym -
metric and positive definite . Ifep .. ., enis an orthonormal basis of V,
theneqik (1<i1,.. .,ik<n)isan orthonormal basis of T (0>k) V

with respectto (,) "
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Proof . It is enough to show the second part of the proposition since

orthonor - mal basis exists only for symmetric positive definite bilinear

functions . This follows from
(eil ...ifc,ejl...jk) =L (eil <g>ees <g>eik <g>j <g> s <g>¢jk )
=(eii,eji)eese(eik,ejk)="il,jleee"ifc,jk.

The linear space Ak ( V') of alternating tensors is a linear subspace of T (
0, k), so the restriction of kf (, ) defines a symmetric positive definite
bilinear function on Ak (V) . Using the natural isomorphism ak between
Ak (V) and Ak (V) we obtain a positive definite symmetric bilinear
function (, ) also on Ak (V') expressed by

(AL,"2)=1(«k (M), ak("2))Vwi, W2 €Ak (V).

The reason why we divide by k! is to make the following proposition

true . Proposition . Ifei, .. ., enis an orthonormal basis of V , then

{eil Aeee Acik |1 <ii<eee<ik<n} isan orthonormal basis of Ak (
V).

Proof . If the increasing sequences 1 <il <ees <ik <nand 1 <j1
<+ jk < nare not the same , then no permutation of them can coincide ,

SO
(cilAeeeAcik,cjlAceeAcik)

When the sequences are equal , then the permuted sequences in (i), and

jo-(i),... ,ja(k)coincide if and only if n = a, therefore

Let V* be the dual space of V. The inner product is a bilinear function ,
therefore it defines a linearmap I: VAV*by 1 (v)(w)=(v,w}.The
linear map I is injective , since if | (v)=0,then1 (v) (v)=|v|2=0,
sov =0. This implies that | is a linear isomorphism between V and V* .
The linear isomorphism | can be used to identify V and its dual space ,
and gives rise to a Euclidean linear space structure (, }: V* X V* R on
V* , for which

(1(v),1(w)}=(vw}.
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Proposition . If (ei, ..., en) isan orthonormal basis of V , then its dual

basis (ei, .. ., en)isan orthonormal basis of V* .
Proof . Since the basis is orthonormal , we have
1(ei)(ej)=(eAej}=Sij=ei(e"
thus,l(ej)=e--> ,and

(e\ej}=(1(ei),1(ej)}=C(ei,ej}=Sij.

The Euclidean structure on V* induces a Euclidean structure on the
tensor spaces T (k>0) V and also on Ak (\VV*) . Finally, since |
identifies V with its dual space , tensors of type ( k, I) can be identified
with tensors of type (k + 1, 0) and also with tensors of type (0, k+1).
Both identifications induces the same Euclidean structureon T (k>l) V ,

with respect to which the basis ej ) " 'j generated from any orthonormal

basis of V will be an orthonormal basisin T (k>l) V.
Curvature

If V is an affine connection on a manifold M , then we may consider the

operator
R(X,Y)=[VX,Vy] —VI[X,y: X(M)~AX (M),

where [VX, VY] = VX oVY — VY oVX is the usual commutator of
opera - tors . The operator R ( X, Y ), depending on X and Y , is called
the curvature operator of the connection . The assignment

X(M)YXX(M)XX(M)AX (M)
(X,Y,Z)"R(X,Y)(2)

is called the curvature tensor of the connection . To reduce the number of
brackets , we shall denote R (X, Y ) (Z)simplybyR (X,Y;Z).
Thus , the letter R is used in two different meanings , later it will denote
also a third mapping , but the number of arguments of R makes always

clear which meaning is considered .
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Proposition . The curvature tensor is linear over the ring of smooth

functions in each of its arguments , and it is skew symmetric in the first

two arguments .
Proof . Skew symmetry in the first two arguments is clear , since

R(X,Y)=[Vx,Vy] —V[x,yl=—[Vy,Vx]+V[Y,X]=—R (Y,
X).

According to this , it suffices to check linearity of the curvature tensor in

the first and third arguments .

Linearity in the first argument is proved by the following identities .
R(X1+X2,Y)=[VXi+X2,VY]— V[Xi +X2, Y]

= [VXi + VX2, VY] — V[Xi, Y] +[X2,Y]

= [VXi, Y] +[VX2,VY] — V[XL, Y] —V[X2,Y] =R (Xi,Y)+R
(X2,Y).

and
R(fX,Y;Z)=([Vfx,Vy] —Vix,Y])(Z)
=fVXVYZ—VY(fVXZ)—VF[X,Y]-Y(f)X(Z)

=fVXVYyZ—fVyVxZ—Y (f)VXxZ—FfV[x,y]Z+Y (f)Vx(Z
)=f(VXVyZ—VyVxZ—V[x,y]Z)=fR(X,Y;Z).

Additivity in the third argument is clear , since R ( X, Y') is built up of
the additive operators VX, VY and their compositions . To have

linearity , we need

R(X,Y;fZ)=VxVy(fZ) -VrVvx (fZ) - V[x, Y] (fZ)
=Vx (Y (f)Z+fVYZ) -Vy (X (f)Z+fVxZ)
[X,Y](f)Z-fV[x,ylZ

=XY (F)Z+Y (F)VXZ+X (f)VyZ+fVxVyZ-
YX(f)Z-X(f)VyZ-Y (f)VxZ-fVyVxZ-

XY (f)Z+YX (f)Z-fV[x,V]Z
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=f(VXVyZ-VyVxZ-V[x,ylZ)=fR(X,Y;Z).

Proposition is interesting , because the curvature tensor is built up from
covariant derivations , which are not linear operators over the ring of

smooth functions .

We have already introduced tensor fields over a hypersurface . We can in
- troduce tensor fields over a manifold in the same manner . A tensor
field T of type (k, I) is an assignment to every point p of a manifold M
atensor T (p) of type (k, I) over the tangent space TpM . If dp ..., dn
are the basis vector fields defined by a chart over the domain of the chart
, and we denote by dx1 (p), ..., dxn (p)thedual basisofdl (p),...
,dn (p), then atensor field is uniquely determined over the domain of

the chart by the components

(p)=T(p)(dF>,...,dF;j,...,]).

We say that the tensor field is smooth , if for any chart from the atlas of
M , the functions TW” are smooth . We shall consider only smooth
tensor fields . Tensor fields of type (0, 1) are the vector fields , tensor
fields of type (1, 0) are the differential 1 - forms . Thus, a differential 1
- form assigns to every point of the manifold a linear function on the
tangent space at that point . Differential 1 - forms form a module over the

ring of smooth functions , which we denote by D1 (M) .

Every tensor field of type (k, | ) defines an F ( M ) - multilinear
mapping D1 (M) x e x DI (M)XX (M) xeeex X (M)NF (M)

| times k times and conversely , every such F ( M ) - multilinear mapping
comes from a tensor field . ( Check this! ) Therefore , tensor fields can
be identified with F ( M) - multilinear mappings D1 (M) x ¢ ¢+ x D1 (
MIXX(M)xeeex X(M)MF(m). Tensor fields of type (k,1),
that is F ( M) - multilinear mappings

DI(M)XX(M)xeeexX(M)"F (M)
can be identified in a natural way with F ( M ) - multilinear mappings

X(M)xeeexX(M)AX(M).
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By this identification , R: X (M) x ses x X (M )~ X ( M) corresponds

tOR:QL(M)XX(M)xeeex X(M)"NF (M), defined by R (w;Xu .
o Xk)=w(R(Xi,...,Xfc)).

Using these identifications , the curvature tensor is a tensor field of type (
3, 1) by Proposition . It is a remarkable consequence , that although the
vec - tors VXZ (p) and VYZ ( p) are not determined by the vectors X (
P),Y(p),Z(p),tocompute the value of R (X, Y;Z)atpit
sufficesto know X (p),Y (p).,Z(p) . Beside skew - symmetry in the
first two arguments , the curvature tensor has many other symmetry

properties .

Theorem ( First Bianchi Identity ) . If R is the curvature tensor of a

torsion free connection , then
R(X,Y;Z)+R(Y,Z;X)+R(Z,X;Y)=0
for any three vector fields X, Y, Z.

Proof . Let us introduce the following notation . IfF (X ,Y ,Z)isa
function of the variables X , Y , Z, then denote by "0 F ( X, Y, Z) or
gxyz F ( X, Y, Z) the sum of the values of F at all cyclic permutations
of the variables ( X, Y ,Z)

<=F(X,Y,Z)=F(X,Y,Z)+F(Y,Z,X)+F(Z,X,Y).

We shall use several times that behind the cyclic summation o we may
cyclically rotate X, Y, Z in any expression

<=F(X,Y,Z)=<=F(Y,Z,X)=<=F(Z,X,Y).
000
The theorem claims vanishing of

<=R(X,Y:Z)

= <= (VXVYZ - VYyVXxZ - V[x,y]Z)
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= <= (VXVyYZ-VxVzY - V[x,Vy]Z)

=<=(Vx[Y,Z]-VIx,ylZ)

0
=<=(Vz[X,Y]-V[x,ylZ)=<=[Z,[X, Y]],
00

but the last expression is 0 according to the Jacobi identity on the Lie
bracket of vector fields . ( At the third and fifth equality we used the

torsion free property of V . )

The presence of an affine connection on a manifold allows us to

differentiate not only vector fields , but also tensor fields of any type .

Definition . Let (M, V) be a manifold with an affine connection . If w
G H1 (M) is a differential 1 - form , X is a vector field , then we define
the covariant derivative Vxw of w with respect to X to be the 1 - form

(Wxw) (Y)=X(w(Y)) -w(VxY), YGX(M).
In general , the covariant derivative VXT of a tensor field
T:Q}(M)xeeexQ} (M)XX(M)xeeexX(M)NF (M)

of type (k, I') with respect to a vector field X is a tensor field of the

same type , defined by

(XT)(wi, ...,wi; Xi,...,Xfc)=X(T(wi, ...,w,;Xi,...
Xfc)) -

k

T(wl, ..., VXwi,...,whXl, ...,6 Xk)

i=11

AT(wWiy oo, W, X, VXX], L0, XK LSS
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For the case of the curvature tensor , this definition gives

(VXR)(Y,Z,W)=VX(R(Y,Z;W)) -R(VXY,Z;W) -R(Y,
VXZ; W) -R(Y,Z;VXW).

Theorem ( Second Bianchi Identity ) . The curvature tensor of a torsion

free connection satisfies
<=(VxR)(Y,Z;W)=0.
QXYz

Proof . (VXR) (Y, Z; W) is the value of the operator VXOR (Y, Z)
-R(VXY,Z) -R(Y,VXZ) -R(Y,Z)OVX:X(M)AX(M)on
the vector field W , hence we have to prove vanishing of the operator <=
(VXOR(Y,Z) -R(VXY,Z) -R(Y,VxZ) -R(Y,Z)OVx).
(4.15)

OXYZ

First , we have

y(VXoR(Y,Z) -R(Y,Z)oVx)
OXYZ

=y ((VXVyVz - VxVzVy - VxV]y, z] ) qxyz

(VyVzVx-VzVyVx-V]y,z]Vx))=y((VXxVyVz-VxVzVy -
Vx Vly, z])

QXYZ

(VXVYVZ - VXVZVY - V[Y , Z]VX)) =y (V[Y , Z] VX - VX VY,
7]) .

QXYZ
On the other hand ,
y(-R(VXY,Z) -R(Y,VxZ))

QXYZ
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=y(R(VXZ,Y) -R(VXY,Z))

QXYZ

=y (R(VyX,Z) -R(VxY,Z))

QXYZ
=yR(VyX-VxY,Z)=yR([Y,X],2Z).
QXYZ QXYZ

Combining these results , operator (4. 15) equals y ( V[y, z]Vx -
VXVIY, Z] + R ([Y, X],Z))

QXYz
=y (V]y, z]Vx-VxV]y, z]+ R[Z, Y], X))
QXYz

=Y (VY Z] VX - VXV[Y , Z] + V[Z, YIVX - VXV[Z , Y] - V[[Z ,
Y1, X])

QXYZ
=Y V[[y, 2], X] = VEO[[X, Y], Z] =0.

QXYZ

13.4 CURVATURE OF RIEMANNIAN
MANIFOLDS

In the remaining part of this unit , we shall deal with Riemannian
manifolds , therefore from now on assume that (M, (,})isa
Riemannian manifold with Levi - Civita connection V and R is the

curvature tensor of V .
Introduce the tensor R of type (4, 0), related to R by the equation

R(X,Y;Z,W)={R(X,Y;Z),W),
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which is called the Riemann - Christoffel curvature tensor of the

Riemannian manifold . To simplify notation , we shall denote R also by
R . This will not lead to confusion , since the Riemann - Christoffel
tensor and the ordinary curvature tensor have different number of

arguments .

Levi - Civita connections are connections of special type , so it is not
surprising , that the curvature tensor of a Riemannian manifold has
stronger symmetries than that of an arbitrary connection . Of course , the
general results can be applied to Riemannian manifolds as well yielding

R(X,Y;Z,W)=-R(Y,X;Z,W)and*R(X,Y;Z,W)=0.
QXYZ
In addition to these symmetries , we have the following ones .

Theorem 4 .9 .5 . The Riemann - Christoffel curvature tensor is skew -

symmetric in the last two arguments
R(X,Y;Z,W)=—R(X,Y;W,Z).

Proof . By the compatibility of the connection with the metric , we have
X(Y«Z ,W)))=X«VyZ , W)+ (Z,VyW))
=(VXVYyZ,W)+(VyZ,VxW)
+(VXZ,VYyW)+(Z,VxVyW),

and similarly ,

Y (X((Z,W)))=(VyVxZ, W)
+(VXZ,VYyW)+(VyZ,VxW)+(Z,VyVxW).

We also have

X, Y1((Z,W))=(VIx,y]1Z,W)+(Z,V[x,y]W).

Subtracting from the first equality the second and the third one and
applying [X,Y]=XoY —Y o X, we obtain

0=(VWVXVyZ—VyVxZ—VI[x,y]Z,W)
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+(Z,VXVYyW —Vy Vx W —V[X, Y]W)
=R(X,Y;Z,W)+R(X,Y;W,Z).

For tensors having the symmetries of a Riemannian curvature tensor , we

introduce the following

Definition . Let V be a finite dimensional linear space over R . An
algebraic curvature tensor or Bianchi tensor over V is a 4 - linear map S:

V xV xV x V"R satisfying the symmetry relations
S(X,Y,Z,W)=-S(Y,X,W,Z)=—S(X,Y,W,Z2)
and the Bianchi identity
S(X,Y,Z,W)+S(Y,Z,X,W)+S(Z,X,Y,W)=0.

An algebraic curvature tensor field or Bianchi tensor field over a
manifold M is a tensor field of type (4, 0 ), which assigns to each point
p of M a Bianchi tensor over TpM .

We know from linear algebra ( see equation (1. 8) ) that a symmetric
bilinear form is uniquely determined by its quadratic form . More
generally , when a tensor has some symmetries , it can be reconstructed
from its restriction to a suitable linear subspace of its domain . For

algebraic curvature tensors , we have the following

Proposition . Let Si and S2 be algebraic curvature tensors ( or tensor
fields) . IfFSi(X,Y;Y,X)=S2(X,Y;Y,X)forevery Xand Y,
then Si=S2.

Proof . The difference S = Si — S2 is also an algebraic tensor ( field ),
andS(X,Y;Y,X)=0forall X,Y.WehavetoshowS=0.

We have forany X ,Y ,Z
0=S(X,Y+Z,Y+Z,X)

=S(X,Y;Y, X)+S(X,Y;Z,X)+S(X,Z Y, X)+S(X,Z,Z
,X)=S(X,Y;Z,X)+S(X,Z, Y, X)+[S(X,Y;Z,X)+S(Y,
Z; X, X)

" V 1
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+S(Z, XY, X)]1=25(X,Y;Z,X).

Now taking four arbitrary vectors ( vector fields ) X, Y, Z, W and using
S(X,Y;Z,X)=0, we obtain

0=S(X+W,Y;Z, X+W)

=S(X,Y;Z,X)+S(X,Y:Z,W)+S(W,Y:Z,X)+S(W,Y:
Z,W)=S(X,Y:Z, W)+S(W,Y:Z,X),

i.e.,Sisskew symmetric in the first and fourth variables . Thus,

S(X,Y:Z,W)=S(Y,X;W,Z)=-S(Z,X;W,Y)=S(Z,X;
Y, W),

in other words , S is invariant under cyclic permutations of the first three
vari - ables . But the sum of the three equal quantitiesS (X, Y;Z,W),
S(Y,Z; X, W)andS(Z, X;Y,W)is 0 because of the Bianchi
symmetry , thusS (X,Y;Z,W)isO0.

Exercise Let S be an algebraic curvature tensor ,and let QS ( X, Y ) :=S
(X,Y;Y,X).Provethat QS (X,Y)=QS (Y, X)and

6S(X,Y;Z,W)=Qs(X+W,Y+Z) -Qs(Y+W,X+Z)+Qs(
Y+W,X)--Qs(X+W,Y)+Qs(Y+W,Z) -Qs(X+W,Z)+
+Qs(X+Z,Y)-Qs(Y+Z,X)+Qs(X+Z,W)-

Qs(Y+Z,W)+Qs(X,Z)-

Qs(Y,Z)+Qs(Y,W) -Qs(X,W). Theorem. Assume that S is

an algebraic curvature tensor . Then
S(X,Y;Z,W)=S(Z,W;X,Y).

Proof . Label the vertices of an octahedron as shown in the figure . It
follows for the upper two shaded triangles "Z" and "W" and subtract the
identities corresponding to the two lower triangles "X" and "Y" , we

obtain

2S(X,Y:Z,W) -2S(Z,W;X,Y)=0,
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as we wanted to prove .

Corollary For the Riemann - Christoffel tensor , the identity R ( X, Y; Z
,W)=R(Z,W; X,Y)holds .

Definition . Let M be a Riemannian manifold , p a pointon M, X and Y

two non - parallel tangent vectors at p . The number
K(XY)=R(X,Y:Y,X)
K(X,Y)X_2LY)2-(X,Y)2

is called the sectional curvature of M at p , in the direction of the plane

spanned by the vectors X and Y in Tp M .

Proposition . If M is a Riemannian manifold with sectional curvature K ,
X and Y are linearly independent tangent vectors at p € M , a and ft are

non - zero scalars , then

K(X,Y)=K(X+Y,Y);

K(X,Y)=K(aX,ftY);

K(X,Y)=K(Y,X).

Furthermore , K depends only on the plane spanned by its arguments .
Proof . (i) follows from

R(X+Y,Y:Y,X+Y)=R(X,Y;Y,X)+R(X,Y;Y,Y)+R(
Y,V Y, X)+R(Y,Y:Y,Y)=R(X,Y:Y,X)

and
X+VY]2lY]2- (X+Y,Y)2

= (XR+Y[2+2(X,Y))IY[2- ((X,Y)2+2(X,Y)|Y]2+|Y]4)
= XRIY2- (X,Y)2.

(ii) follows from
R (aX, ftY; fty ,aX)=a2ftzZR ( X, Y; Y ,h X)

and
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[aX|2ftY]2 - (aX, ftY) 2 =a2ft2 (|X|]2|Y|]2- (X,Y)2).
(1ii’) comes from the equalitiesR (X, Y;Y , X)=R (Y, X; X,Y)
and [X2IY|]2—(X,Y)2=|Y]2[X]2— (Y, X)2.

Finally , the last statement follows by (i), (ii),and (iii)asifxi,yi
and x2 , y2 are two bases of a 2 - dimensional linear space , then we can
transform one of them into the other by a finite number of elementary

basis transformations of the form

(X, y)M(x+y,y);(x,y)"(ax,fty),whereaft=0; (x,y)"(y,
X).

Definition Riemannian manifolds , the sectional curvature function of
which is constant , called spaces of constant curvature or simply space
forms . A space form is elliptic or spherical if K >0, it is parabolic or
Euclidean if K =0 and is hyperbolic if K< 0.

Typical examples are the n - dimensional sphere , Euclidean space and
hyper - bolic space . Further examples can be obtained by factorization

with fixed point free actions of discrete groups .

The following remarkable theorem resembles Theorem , but its proof is

not so simple .

Theorem (' Schur ) . If M is a connected Riemannian manifold , dimM >
3 and the sectional curvature K ( Xp, Yp) (Xp, Yp G TpM ) depends
only on p (‘and does not depend on the plane spanned by Xp and Yp),
then K is constant , that is , as a matter of fact , it does not depend on p

either .
Proof . By the assumption ,
R(X,Y;Y,X)=f(IX]2lY2—(X,Y)2)

for some function f . Our goal is to show that f is constant . Consider the

tensor field of type (4, 0) defined by
S(X,Y;Z,W)=Ff((X,W)(Y,Z)—(X,Z)(Y,W)).

It is clear from the definition that S is skew - symmetric in the first and

last two arguments . It has also the Bianchi symmetry — indeed ,
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<=S(X,Y;Z,W)=<=f((X,W)(Y,Z)—(X,Z)(Y,W))

OXYZ OXYZ
=<=f((Y,W)(Z,x)—(X,Z)(Y,w))=0,
OXYZ

thus S is an algebraic curvature tensor field . We also have R ( X, Y; Y,
X)=S(X,Y;Y,X),therefore R=S . Set

S(X,Y;Z2)=f((Y,Z)X—(X,2)Y).
Then for any vector field W , we have

(R(X,Y;Z),W)=R(X,Y:Z,W)=S(X,Y;Z,W)=(S(X,
Y;Z),W),thatis,

R(X,Y;Z2)=S(X,Y;Z)forall X,Y,Z.
Differentiating with respect to a vector field U we get
(VMUR)(X,Y;Z)=(VuS)(X,Y;2)
=Vu(S(X,Y;Z)) -S(VuX,Y;Z)
-S(X,VuY;Z) -S(X,Y;Vuz).

Since

VU(S(X,Y;Z))=U(F)((Y,Z)X-(X,Z)Y)+fVu((Y,2Z)
X- (X, Z)Y)=U(F)((Y,Z)X- (X,Z)Y)+F(U(Y,Z)X+
(Y,Z)VuX

“U(X,Z)Y- (X,Z)VuY)
SU(F)((Y,Z)X- (X,Z)Y)+F((VUY,Z)X+(Y,VuzZ) X+

+(Y,Z)VuX- (VuX,Z)Y- (X,Vuz)Y- (X,Z)Vuy)==U
(F)((Y,Z)X-(X,Z)Y)+S(VuX,Y;Z)+S(X,VuY;Z)++
S(X,Y;Vuz),

we obtain
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(VUR) (X,Y;Z)=(VuS) (X,Y;Z)=U(f)((Y,Z)X- (X,Z

YY).

Using the second Bianchi identity , this gives us
<=U(f)((Y,Z)X-(X,Z)Y)=<=(VUR)(X,Y;Z)=0.
QUXY QUXY

If X € is an arbitrary tangent vector , then we can find non - zero vectors
Y ,Z=U €such that X, Y and U are orthogonal (dimM > 3!) . Then

0=<=U (F)((Y,Z)X- (X,Z)Y)=X(f)(U,U)Y-Y(f)(U
JU)X.

QUXY

Since X and Y are linearly independent and (U , U ) is positive , X (f) =
Y (f) =0 follows, yielding that the derivative of f with respect to an ar -
bitrary tangent vector X is 0 . This means that f is locally constant , and

since M is connected , f is constant .

The curvature tensor is a complicated object containing a lot of
information about the geometry of the manifold . There are some obvious
ways to derive simpler tensor fields from the curvature tensor . Of course

, simplicity is paid by losing information .

Definition . Let (M, V') be a manifold with an affine connection , R be
the curvature tensor of V . The Ricci tensor Ric of the connection is a
tensor field of type (2, 0) assigning to the vector fields X and Y the
function Ric ( X, Y) the value of which at p G M is the trace of the

linear mapping
TpM " TpM
Zp "R (Zp,X(p);Y(p)),whereZpG TpM.

Proposition . The Ricci tensor of a Riemannian manifold is a symmetric

tensor

Ric (X, Y)=Ric(Y,X).
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Proof . Letei, ..., enbe an orthonormal basis in TpM , where p is an
arbitrary point in the Riemannian manifold M . We can compute the trace
of a linear mapping A: TpM ” TpM by the formula

n
TrA=<=<A(ei),e*>.
i=1

In particular ,

nn

Ric(X,Y)(p)=<=<R(ei,X(p);Y(p)),ei>=<=R(e*, X (p
);Y(p).ei)

nn

=Ric(Y,X)(p). o

Since the Ricci tensor of a Riemannian manifold is symmetric , it is

uniquely determined by its quadratic form X ~ Ric ( X, X))

Definition . Let Xp G TpM be a non - zero tangent vector of a
Riemannian manifold M . The Ricci curvature of M at p in the direction

Xp is the number

r (X4

IXpl

curvature as follows

Ric(Xp,Xp)="R(ei, Xp; Xp,ei)="K(Xe)

r(Xp)=[Xpl2=[Xpl2=K(Xpei).




study the curvature tensor of a hypersurface M in Rn . According to the
Levi - Civita connection V of a hypersurface can be expressedasV =P o
d, where d is the derivation rule of vector fields along the hypersurface
as defined in Definition , P is the orthogonal projection of a tangent
vector of Rn at a hypersurface point onto the tangent space of the
hypersurface at that point . Comparing Definition to formula , we see that
the derivation d of vector fields along a hypersurface is induced by the
Levi - Civita connection of Rn, which we also denoted by d . As the

curvature of Rnis 0,

dx ody—dyodx=d[x, Y]

holds for any tangential vector fields X, Y GX (M) .
We have

VXVyZ =P (dxVyZ)=P (dx (dyZ-{dyZ,N)N))

=P (dxdyZ) -P(X({dyZ,N))N) -P({dyZ,N)dxN)=P(
dxdyZ) - {dyZ,N)dxN,where X,Y ,Ze X (M). Similarly,

VyVxZ =P (dydxZ) -{dxZ,N)dyN.

Combining these equalities with

Vix,ylz=P (d[x,y]Z)

we get the following expression for the curvature tensor R of M
R(X,Y;Z)=(VxVyZ-VyVxZ) -V[x,y]Z=

=P ((dxdyZ-dydxZ) -d[x,y]Z) -{dyZ,N)dxN+{dxZ,N)
dyN = {dxZ,N) dyN - {dyZ, N ) dxN .

Since {Z , N ) is constant zero ,
0=X({Z,N))={dxZ,N)+{Z,dxN)
and
0=Y({Z.,N))={dyZ,N)+{Z,dyN).

Putting these equalities together we deduce that

Notes
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R(X,Y:Z)={Z,dyN)dxN-{Z,dxN)dyN={Z,L(Y))L(X)
-{Z,L(X))L(Y).

Comparing the formula
R(X,Y;Z)={Z,L(Y))L(X) -{Z,L(X))L(Y)

relating the curvature tensor to the Weingarten map on a hypersurface
with Gauss' equations we see that the curvature tensor R coincides with
the curva - ture tensor defined there . This way , the last equation can

also be considered as a coordinate free display of Gauss' equations

13.5 CURVILINEAR COORDINATES

In geometry , curvilinear coordinates are a coordinate

system for Euclidean space in which the coordinate lines may be curved .
These coordinates may be derived from a set of Cartesian coordinates by
using a transformation that is locally invertible ('a one - to - one map ) at

each point . This means that one can convert a point given in a Cartesian

coordinate system to its curvilinear coordinates and back . The

name curvilinear coordinates , coined by the French mathematician Lamé
, derives from the fact that the coordinate surfaces of the curvilinear

systems are curved .

Well - known examples of curvilinear coordinate systems in three -
dimensional Euclidean space ( R*) are cylindrical and spherical

polar coordinates . A Cartesian coordinate surface in this space is

a coordinate plane; for example z = 0 defines the x - y plane . In the same
space , the coordinate surface r = 1 in spherical polar coordinates is the
surface of a unit sphere , which is curved . The formalism of curvilinear
coordinates provides a unified and general description of the standard

coordinate systems .

Curvilinear coordinates are often used to define the location or
distribution of physical quantities which may be , for example , scalars ,
vectors , or tensors . Mathematical expressions involving these quantities

in vector calculus and tensor analysis ( such as the gradient , divergence ,
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curl, and Laplacian ) can be transformed from one coordinate system to
another , according to transformation rules for scalars , vectors , and
tensors . Such expressions then become valid for any curvilinear

coordinate system .

Depending on the application , a curvilinear coordinate system may be
simpler to use than the Cartesian coordinate system . For instance , a
physical problem with spherical symmetry defined in R® ( for example
motion of particles under the influence of central forces ) is usually
easier to solve in spherical polar coordinates than in Cartesian
coordinates . Equations with boundary conditions that follow coordinate
surfaces for a particular curvilinear coordinate system may be easier to
solve in that system . One would for instance describe the motion of a
particle in a rectangular box in Cartesian coordinates , whereas one
would prefer spherical coordinates for a particle in a sphere . Spherical
coordinates are one of the most used curvilinear coordinate systems in
such fields as Earth sciences , cartography , and physics ( in

particular quantum mechanics , relativity ) , and engineering .

using Cartesian coordinates ( X , y, z ) [equivalently written ( x* , x* , X

)], by , Where ey , ey, €, are the standard basis vectors .

It can also be defined by its curvilinear coordinates (q', g?, g% ) if this
triplet of numbers defines a single point in an unambiguous way . The
relation between the coordinates is then given by the invertible

transformation functions:

The surfaces g = constant , g° = constant , g° = constant are called

the coordinate surfaces; and the space curves formed by their
intersection in pairs are called the coordinate curves . The coordinate
axes are determined by the tangents to the coordinate curves at the
intersection of three surfaces . They are not in general fixed directions in
space , which happens to be the case for simple Cartesian coordinates ,
and thus there is generally no natural global basis for curvilinear

coordinates .
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In the Cartesian system , the standard basis vectors can be derived from

the derivative of the location of point P with respect to the local

coordinate

Applying the same derivatives to the curvilinear system locally at

point P defines the natural basis vectors: Such a basis , whose vectors
change their direction and / or magnitude from point to point is called

a local basis . All bases associated with curvilinear coordinates are
necessarily local . Basis vectors that are the same at all points are global
bases , and can be associated only with linear or affine coordinate

systems .

Note: for this article e is reserved for the standard basis ( Cartesian )
and h or b is for the curvilinear basis . These may not have unit length ,
and may also not be orthogonal . In the case that they are orthogonal at
all points where the derivatives are well defined , we define the Lamé
coefficients ( after Gabriel Lamé ) by and the curvilinear orthonormal
basis vectors by It is important to note that these basis vectors may well
depend upon the position of P; it is therefore necessary that they are not
assumed to be constant over a region . ( They technically form a basis
for the tangent bundle of at P, and so are local to P . ) In general ,
curvilinear coordinates allow the natural basis vectors h; not all mutually
perpendicular to each other , and not required to be of unit length: they
can be of arbitrary magnitude and direction . The use of an orthogonal
basis makes vector manipulations simpler than for non - orthogonal .
However , some areas of physics and engineering , particularly fluid
mechanics and continuum mechanics , require non - orthogonal bases to
describe deformations and fluid transport to account for complicated

directional dependences of physical quantities .

Curvilinear coordinate systems in three - dimensional Euclidean space (
R*) are cylindrical and spherical polar coordinates . A Cartesian
coordinate surface in this space is a coordinate plane; for example z =0
defines the x - y plane . In the same space , the coordinate surface r =1 in
spherical polar coordinates is the surface of a unit sphere , which is
curved . The formalism of curvilinear coordinates provides a unified and

general description of the standard coordinate systems .



https://en.wikipedia.org/wiki/Affine_coordinate_system
https://en.wikipedia.org/wiki/Affine_coordinate_system
https://en.wikipedia.org/wiki/Standard_basis
https://en.wikipedia.org/wiki/Curvilinear_coordinates#Relation_to_Lam%C3%A9_coefficients
https://en.wikipedia.org/wiki/Curvilinear_coordinates#Relation_to_Lam%C3%A9_coefficients
https://en.wikipedia.org/wiki/Gabriel_Lam%C3%A9
https://en.wikipedia.org/wiki/Tangent_bundle
https://en.wikipedia.org/wiki/Physics
https://en.wikipedia.org/wiki/Engineering
https://en.wikipedia.org/wiki/Fluid_mechanics
https://en.wikipedia.org/wiki/Fluid_mechanics
https://en.wikipedia.org/wiki/Continuum_mechanics
https://en.wikipedia.org/wiki/Cylindrical_coordinate_system
https://en.wikipedia.org/wiki/Spherical_coordinates
https://en.wikipedia.org/wiki/Coordinate_plane
https://en.wikipedia.org/wiki/Sphere

Notes
Curvilinear coordinates are often used to define the location or

distribution of physical quantities which may be , for example , scalars ,
vectors , or tensors . Mathematical expressions involving these quantities
in vector calculus and tensor analysis ( such as the gradient , divergence ,
curl, and Laplacian ) can be transformed from one coordinate system to
another , according to transformation rules for scalars , vectors , and
tensors . Such expressions then become valid for any curvilinear

coordinate system

13.6 EQUATION OF STRAIGHT LINE

General equation
A straight line is defined by a linear equation whose general form is
Ax+By+C=0,
where A, B are not both 0 .

The coefficients A and B in the general equation are the components of
vector n = (A, B) normal to the line . The pair r = (x,y) can be
looked at in two ways: as a point or as a radius - vector joining the origin
to that point . The latter interpretation shows that a straight line is the

locus of points r with the property
r-n=const.

That is a straight line is a locus of points whose radius - vector has a
fixed scalar product with a given vector n , normal to the line . To see
why the line is normal to n , take two distinct but otherwise arbitrary

points ry and r, on the line , so that
r-Nn=ryn.

But then we conclude that
(ri-r2)n=0.

In other words the vector r; - r, that joins the two points and thus lies on

the line is perpendicular to n .
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Normalized equation

The norm ||n|| of a vector n = (A, B)) is defined via |||’ = A* + B® and
has the property that , for any non - trivial vector n, n/||n|| is a unit

vector,i.e..|n/|n|||=1.

Note that the line defined by a general equation would not change if the
equation were to be multiplied by a non - zero coefficient . This property
can be used to keep the coefficient A non - negative . It can also be used
to normalize the equation by dividing it by ||n|| . Asaresult, ina

normalized equation
Ax+By+C=0,
A*+B*=1,

( In the applet , the coefficients of the normalized equation are rounded
to up to 6 digits , for which reason the above identity may only hold

approximately .)
The normalized equation is conveniently used in determining
the distance from a point to a line .

Intercept - intercept

Assume a straight line intersects x - axisat (a,0)andy -axisat (0, b)
. Then it is defined by the equation

xlaty/b=1,
which also can be written as
xb+ya=ab.

The latter form is somewhat more general as it allows either a or b to be
0.aand b are defined as x - intercept and y - intercept of the linear
function . These are signed distances from the points of intersection of

the line with the axes .

Point - slope

The equation of a straight line through point (a, b ) with a given slope of

m is
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y=m(x-a)+b,ory-b=m(x-a).

As a particular case , we have

Slope - intercept equation
The equation of a line with a given slope m and the y - intercept b is
y=mx+b.

This is obtained from the point - slope equation by setting a=0. It must
be understood that the point - slope equation can be written for any point
on the line , meaning that the equation in this form is not unique . The
slope - intercept equation is unique because if the uniqueness for the line
of the two parameters: slope and y - intercept .

Parametric equation

A line through point ro = (a, b)) parallel to vector u = (u, v) is given

by
(x,y)=(a,b)+t-(u,v),

where t is any real number . In the vector form , we have
r=ro+tu,

wherer=(x,y).

Implicit equation

A line through point ro = (a, b ) perpendicular to vectorn=(m, n) is
given by

m(x-a)+n(y-b)=0,

orif we take r = (x,Yy), ageneric point on the line , we see that
n-(r-ro)=0,

where dots indicates the scalar product of two vectors .

Check your Progress 1

Discuss The Principal Axis Theorem
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Discuss Curvilinear Coordinates

13.7 LET US SUM UP

In this unit we have discussed the definition and example of The
Principal Axis Theorem , Induced Euclidean Structures on Tensor Spaces
, Curvature of Riemannian Manifolds , Curvilinear Coordinates ,

Equation of Straight Line

13.8 KEYWORDS

The Principal Axis Theorem ....Euclidean linear space (V, (,))is

equipped with a second symmetric bilinear function {,}: VXV /AR

Induced Euclidean Structures on Tensor Spaces .... Let (V, (,)) bea

finite dimensional Euclidean linear space

Curvature of Riemannian Manifolds ..... In the remaining part of this

unit , we shall deal with Riemannian manifolds

Curvilinear Coordinates ..... In geometry , curvilinear coordinates are
a coordinate system for Euclidean space in which the coordinate

lines may be curved

Equation of Straight Line .....A straight line is defined by a linear
equation whose general formis Ax+ By+C =0,

13.9 QUESTIONS FOR REVIEW

Explain The Principal Axis Theorem
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Curvilinear Coordinates

13.10 SUGGESTED READINGS

Differential Geometry, Differential Geometry & Application,

Introduction to Defferential Geometry, Basic of Differential Geometry.

13.10 ANSWERS TO CHECK YOUR
PROGRESS

The Principal Axis Theorem
Curvilinear Coordinates

( answer for Check your Progress -1Q )
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UNIT-14 : THE FRENET - SERRET
FORMULAS

STRUCTURE

14.0 Objectives

14.1 Introduction

14.2 The Frenet - Serret Formulas
14.3 Parallel Translation

14.4 Gauss Map

14.5 Helix

14.6 Normal Forms

14.7 Let Us Sum Up

14.8 Keywords

14.9 Question For Review

14.10 Suggested Readings

14.11 Answers To Check Your Progress

14.0 OBJECTIVES

After studying this unit , you should be able to:

e Understand about The Frenet —
e Serret Formulas
e Parallel Translation ,

e Gauss Map , Helix , Normal Forms

14.1 INTRODUCTION

Differential geometry arose and developed as a result of and in
connection to the mathematical analysis of curves and surfaces
Mathematical analysis of curves and surfaces had been developed to
answer some of unanswered questions that appeared in calculus like the
reasons for relationships between The Frenet - Serret Formulas , Parallel

Translation , Gauss Map , Helix , Normal Forms
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14.2 THE FRENET - SERRET
FORMULAS

The Frenet - Serret frame of a space curve

We will consider smooth curves given by a parametric equation in a
three - dimensional space . That is , writing bold - face letters of vectors
in three dimension , a curve is described asr=f (t), where F'is
continuous in some interval I; here the prime indicates derivative . The
length of such a curve between parameter values to G I and ti G | can be

described as

a(too IR (Dt —

J to J to

where , for a vector u we denote by |u| its length; here we assume t; is
fixed and ti is variable , so we only indicated the dependence of the arc
length on t\ . Clearly, a is an increasing continuous function , so it has an

1

inverse a”~; it is customary to write s =a (t) . The equation

r=F(a*(s))sGJ=={a(t):tG I}

is called the re - parametrization of the curver=F (t) (tG ) with
respect to arc length . It is clear that J is an interval . To simplify the
description , we will always assume thatr=F (t)ands=a(t), sowe
will just use the variables r , t, and s instead of using function notation .
We will use prime to indicate the differentiation d / dt , while the
differentiation d / ds will not be abbreviated . We will assume that r' =0
forany t G I; then r' is a tangent vector to the curve corresponding to the
given parameter value t . **

By the fundamental Theorem of Calculus , equation implies
s=ds=%F=IF")IHr, .
Hence , by the chain rule of differentiation we have
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ddtd 1d1d

ds ds dt \ds / dt J dt |r'| dt

where the second equation follows from equation by the Fundamental
Theorem of calculus . When using differential operator notation as ind/
ds , everything after the differential operator up to the next + or — sign
needs to be differentiated; the expression preceding the differential
operator is not to be differentiated . The unit tangent vector T is defined
as

We will assume that k = 0 . The unit normal vector is defined as

::1dT.
k ds

Note that [T|> =T « T, so by the product rule of differentiation ,
dT 1dT dT
"dTe=2(~dNe+e~ds) ="

hence T is perpendicular to dT / ds , and so N is perpendicular to T . The

unit binormal vector is defined as

B="TxN.

The vectors T, N, B form the basic unit vectors of a coordinate system
especially useful for describing the the local properties of the curve at the
given point . These three vectors form what is called the Frenet - Serret
frame . Equation implies that the vectors T, N, B form a right handed
system of pairwise perpendicular unit vectors . Any cyclic permutation
of these vectors also form a right handed system of pairwise
perpendicular unit vectors; therefore we have

TxN=B,

NxB=T,BxT=N.

If the equationr =F (t) describes a moving point , where t
is time , then ris the velocity vector of the moving point at

time t . That is, the length of r' is its speed , while the




Notes
direction of r' is its direction of its movement . If r' =0 ,

then the point stopped moving at the given time , and then it
may resume its movement in a different direction . This
means that even though the function F is differentiable , the
tangent line to the curve described by the function may not

be defined at this point .
A unit vector is a vector of length 1 .

We will comment later on what happens when k =0 .

The Frenet—Serret formulas

As|N|=1,wehave [N =Ne+N=1,andso, similarly to equation ( 8)

, we have

dN ~

ds

That is dN / ds is perpendicular to N , so we have

=alT+tB
ds

for some numbers a and t ( depending ont) . Here t is called the torsion
of the curve at the point; the value of a will be determined below . Using
this equation , equations , and the product rule of differentiation for

vector products , we have
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dB=d(TxN)=dTdN
ds ds ds ds
=kNXN+Tx (aT +tB) =tT x B=—tN;

the third equation follows by equations . The first term of the third
member is zero; so is first term after distributing the cross product in the

second term in the third member . Hence , using equation , we have

dN=d(BxT)=dBdT
ds ds ds ds
=—tNxT+Bx(kN)=tB+ kB xN=—KT + tB;

This equation shows that a in equation equals —k; however , this fact
and equation itself is no longer of any interest , since this equation is
subsumed in the last equation . Equations are called the Frenet - Serret

formulas . To summarize these formulas , we have

dT

——=kN, ds

dN

—— =—kT+1tB,
ds

dB

—=—tN.ds

The first three derivatives of r

As we mentioned above , we will indicate derivation with respect to t by
prime . According to equations

r=IrT=sT.

We can do further differentiations with respect to t by using equations .
We have

M=s"T+sT' =s"T+(s)?"=s"T+(s")’kN . ds

Further , repeatedly using equations , we have
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=s"T+s"T'+(28's"k+(s')’k")N+(s')%kN', ‘T |
., 0N 13 N
=s"T+s"s' +(25's"K+(s")°k")N+(s")
3K dSV v2iv!
ds
=s"T+s"s 'KN +(2s's "k + (') °k )N+ (s') °k (—KT +tB)

=(s"—(s")%k ) T+(3s"s'’k +(s')?k")N+(s')*ktB.

It is now easy to express k and t in terms of derivatives with respect
tot
rxr'=(s")%kB , so using equation we obtain that K =
by noting that |B| = 1 . By equations we have
(rxr)er=(s")%%k.
Hence , using equation and noting that |B| = 1, we obtain that
(r'xr")er™

Irxr

Examples and discussion

Since the curvature k and the torsion t are defined in terms of the local
coordinate frame T, N, B in arc - length parametrization , they only
depend on the shape of the curve and not on the choice of the coordinate
system x , y, z and the choice of the parameter t . Hence , for a curve
that we want to calculate the curvature or the torsion , we may set up the
coordinate system X , y, z and choose a parametrization that make these

calculations especially simple .

The curvature of a circle

We consider the circle of radius R > 0 lying in the x , y plane , and

centered at the origin . This circle can be parametrized by the equation

r=R(icost+jsint),

where i, j, and k are the unit coordinate vectors in the directions of the
positive X , y, and z axes , respectively . We have
rr=R(—isint+jcost)and

=—R(icost+jsint).

Hence
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i jk
—RsintRcost0—Rcost—Rsint0
We also have

IF'| = rV cos?1

c+sint=R.

Hence equation gives that

R? 1

K=R®=R.

Thus , the curvature of a circle is the reciprocal of the radius . For this
reason , given any curve , 1/ Kk is called the radius of curvature; it is the
radius of the osculating circle: given an curve by the equationr=F (t),
the osculating circle at a point corresponding to the parameter value t = t,
(i.e.,atthe point with position vector r, = F (to ) ) is a circle with

equation r = G (t) at the for which

G(to)=F(to),G'(to)=F(to),andG"(to)=F"(to).

For the existence of such a circle , one needs to assume that F' (t,) =0
and F" (t,) =0 . The case that F' (to ) = 0 is a case of bad
parametrization , when the curve may or may not have a tangent line and
a curvature , but the equation is not suitable for determining the tangent
line or the curvature . In this case , one needs to re - parametrize the
curve in such a way that the derivative at the point with position vector F
(t,)isnotzero. > If F'(t,)=0but F"(t,) =0, the curvature is 0, and
the osculating circle degenerates into a straight line; in fact , the tangent
line can be considered the osculating "circle" in this case , and one may

say that the corresponding radius of curvature is infinite .

The curvature and the torsion of a helix

A helix in the standard position can be described by the equation
r=iRcost+jRsint+ctk(R>0).

We have
—iRsint+jRcost+ck,—iRcost—jRsint,iRsint—jRcost

Therefore
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Ir'| =\JR2(sin2t+c032t) +2=t/R2+c2.

Furthermore ,

i CRsint— j cR cos t + R? (sin“l + cos?l ) k
=jicRsint—jcRcost+R%k.

Ir'x r'| = \Jc?R? (cos’t +sin®t) + R* = R\ / ¢® + R?

And

(r'xr')sr=RAc? + R* = cR?sin’t + cR? cos® t = cR?.

Hence , using formula we obtain

RAC + R*R

K(R2+C2)3/2R2+C2.

Similarly , using formula

TR2 (02 + RZ)

An osculating curve to agivencurver=F (t)isacurver=G (t)
satisfying equations; these equations can also be described by saying that
the curvesr=F (t) and r = G (t) have a second order contact at the
given point . One can generalize this to an arbitrary integer n by saying
that the curve r=F (t)and r = F (t) have an order n contact for a given
parameter value t =ty if F' (to ) =0 and

G (t)=F™ ) (ty)forallkwithO<k<n.

The osculating plane is the plane spanned by the vectors T and N .
The osculating circle lies in this place . The osculating plane has a
second order contact with the curve at the point given by a parameter
value t =t . More generally , if F' (to) =0and F" (t,) =0, then any
plane curve that has a second order contact with the curve r = F (t) at
the parameter value t = t, lies entirely in the osculating plane . If F" (t)
= 0 then the osculating plane is not determined since k =0 in this case so
the vector N is not determined . The torsion expresses the speed with
which the osculating place turns as the arc - length parameter changes
since B is normal to the osculating plane

The derivation of the Frenet - Serret formulas shows the theoretical
usefulness of arc - length parametrization . Re - parametrizing a curve
with respect to arc - length is rarely done in practice , since the integrals
involved cannot usually be evaluated , and a more useful procedure is to
rewrite the formulas derived with arc - length parametrization in terms of

the original parameter , as was done in formulas
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Every vector can be expressed as a linear combination of the basic unit
vectors T, N, B; as dN / ds is perpendicular to N , the coefficient of N

in this linear combination is O .

14.3 PARALLEL TRANSLATION

Let M be a manifold with a connection , and 7: | * M be an immersed

curve . Then we say that a vector field X e X (7)) is parallel along 7 if

Dy X =0.

Thus , in this terminology , 7 is a geodesic if its velocity vector field is
parallel . Further note that if M is a submanifold of R", the , by the

earlier results in this section , X is parallel along 7 if and only ( X') "= 0

Example Let M be a two dimensional manifold immersed in R", 7: 1" M
be a geodesic of M, and X e Xy ( 7)) be a vector field along 7 in M .
Then Xis parallel along 7 if and only if X has constant length
and the angle between X (t)and 7' (t) is constant as well . To see
this note that ( 7*) " = 0 since 7 is a geodesic; therefore ,

(X, 7)'=(X",7}+<X,")=(X", 7).

So,if (X') T=0, then it follows that ( X , 7*) is constant which since 7'
and X have both constant lengths , implies that the angle between X and
7' is constant . Conversely , suppose that X has constant length and
makes a constant angle with 7' . Then ( X, 7') is constant , and the
displayed expression above implies that ( X, 7') = 0 is constant .
Furthermore , 0= (X, X)'=2<X, X"'). So X' (t) is orthogonal to
both X (t)and Y'(t).If X (t)andq' (t) are linearly dependent , then
this implies that X' (t) is orthogonal to Ty ({)M,i.e., (X')"=0.If
X (t)and g (t) are linearly dependent , then (X') "=D; (X )=D; (/
7)=1D7(7)=0.

Example ( Foucault's Pendulum ) . Here we explicitly compute the
parallel translation of a vector along a meridian of the sphere . To this

end let




X(0,0):=(cos(0)sin(0),sin(0)sin(0), cos
(0))

be the standard parametrization or local coordinates for > — { (0, 0,
+1) } . Suppose that we want to parallel transport a given unit vector Vy
e Tx ($0, "% ) S? along the meridian X (0, 0, ) , where we identify
tangent space of S? with subspaces of R® . So we need to find a
mapping V: [0, 2n] A S?such that V (0) = Voand V' (0) T Ty (
070 ) S%. The latter condition is equivalent to the requirement that

V'(0)=A(0)X(0,00),

since the normal to S° at the point X (0, 0) is just X (0, 0) itself . To

solve the above differential equation , let

EI(0):— —(—sin(0).cos(0)_0):

(cos(9)cos(™g),sin(9)cos(™g),—sin(0q)).

Now note that (Ei (9), E> (9) } forms an orthonormal basis for Tx ( eg
M) S%. Thus (2) is equivalent to

(V'(9),E1(9))=0and (V' (9),E2(9))=0.

So it remains to solve this differential equation . To this end first recall
that since Vg has unit length , and parallel translation preserves length ,
we may write

V(9)=cos(a(9))Ei(9)+sin(a(9))Ex(9).

So differentiation yields that
V'=Elcos(a)—sin(a)aE;+sin(a)E2+cos(a)ak;.

Further , it is easy to compute that
El=—cos("g)Ez—sin("q)Esand E2 =cos (0q ) E1,

where E3 (9) :=X (9, 0g) . Thus we obtain:
V'=sin(a)(cos(”g)—a' )Ei+cos(a)(a—cos(™g))Ex+(*)
Es.

So for to be satisfied , we must have a' = cos (g ) or
a(9)=cos(")t+a(0),

which in turns determines V . Note in particular that the total rotation of
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V with respect to the meridian X (9, <fq ) is given by

27
a2m) — a(0) — / o' df — 27 cos(n).
Jo

Thus

27

The last equation gives the relation between the precession of the swing
plane of a pendulum during a 24 hour period , and the longitude of the
location of that pendulum on earth , as first observed by the French

Physicist Leon Foucault in 1851 .

Lemma O . 14 . Letlc R andUc R" be open
subsetsand F: I1xU~ R" , beC' . Then for every tq <= |
and Xg <= U there exists an e > such that forevery 0 < e <
e thereisauniquecurvex: ( tog —e , tog + e ) 7
R" with x ( tg ) = xg and

X'(t)=F(t,x(t)).

Proof . Define F: IxUAR™ by F(t,x):=(1,F(t,x)).Then, by
Theorem there exists an e > 0 and a unique curve X: (to—e, tote )

R™ foreveryO<e<e,suchthatx (to)=(1,%)andx' (t)=F (x(
t)). It follows thenthat x (t) =(t,x (t)), for some unique curve X: (
th—e,to+e) R". ThusF(x(t))=(1,F(t,x(t))),andit
follows thatx' (t)=F (t,x (t)).

Lemma. Let A(t),tG I, beaC" one - parameter family of matrices .
Then for every xo G R" and ty G |, there exists a unique curve x: | * R"
with X (to) =Xosuchthatx' (t)=A(t)mx(t).

Proof . Define F: IXxR"AR"by Fy (x)=A (t) mx. there exists a
unique curve X: (to—e, to+e )~ R" with X (to) = Xo such that F¢ ( x ('t
))=x"(t)foralltG (ty—e,to+e).

Now let J C I be the union of all open intervals in | which contains to
and such that x' (t) =F (x (t)) for all t in those intervals . Then J is
open in I and nonempty . All we need then is to show that J is closed ,

for then it would follow that J = I . Suppose that t is a limit point of J in |




. Just as we argued in the first paragraph , there existsa curve y: (t—e,
t+e)~R"suchthaty (t)=F(y(t))andy (t)=0.Thuswe may
assume thaty'=0on (t—e, t+e), after replacing e by a smaller
number . In particular y' (t) =0 forsometG (t—e,t+e)nJ,and
there exists a matrix Bsuchthat Bmy' (t)=x"(t).

Now lety (t):=Bmy(t).SinceF(y(t))=y (t),wehaveF (
y(t))=y (t).Further, by constructiony (t)=x(t), so by
uniqueness part of the previous result we must havey =xon (t—e,t+
e)nJ.ThusxisdefinedonJU (t—e,t+e).ButJwasassumed to
be maximal . So (t—e,t+e) CJ. Inparticular t G J, which

completes the proof that J is closed in I .

Theorem . Let X: I * M be a C* immersion . For every t, G | and X, G
Ty (10) M, there exists a unique parallel vector field X gX (y ) such
thatX(to) =Xop .

Proof . First suppose that there exists a local chart (U, 0) such that y: |
AU is an embedding . Let X be a vector field on U and set X (t) := X (
y(t)).By(1),
Dy (X) (t)=Vy (1) X=<= (y' (1) (X®)+Y,y' (1) X (t)rkj (y (t
)))Ere (y(t)).

fc i
Further note that
y (1) X=(Xoy) ' (t)=X(t).
So, in order for X to be parallel along y we need to have
XY 7 () G- (y(i))X(t)=0,

ij

fork=1,...,n.Thisisa linear system of ODE's in terms of X', and
therefore by the previous lemma it has a unique solution on | satisfying
the initial conditions X ' (to ) = X0.

Now let J C I be a compact interval which contains to - There exists a
finite number of local charts of M which cover y ( J) . Consequently
there exist subintervals J\, . . ., J, of J such that y embeds each J; into a
local chart of M . Suppose that ty ssss Je , then , by the previous
paragraph , we may extend X, to a parallel vector field defined on

Je.Take an element of this extension which lies in a
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subinterval Je intersecting Je and apply the previous paragraph to Je
. Repeating this procedure , we obtain a parallel vector field on each Jj .
By the uniqueness of each local extension mentioned above , these vector
fields coincide on the overlaps of Jj . Thus we obtain a well - defined
vector filed X on J which is a parallel extension of X, . Note that if J is
any other compact subinterval of I which contains to , and X is the
parallel extension of X, on J, then X and X coincide onJnJ, by the
uniqueness of local parallel extensions . Thus , since each point of I is
contained in a compact subinterval containing t, , we may consistently
define X onall of I .

Finally let X be another parallel extension of X, defined on I . Let A
C | be the set of points where X = X . Then A is closed , by continuity of
X and X . Further A is open by the uniqueness of local extensions .
Furthermore , A is nonempty since to <= A . So A = | and we conclude

that X is unique .

Using the previous result we now define , for every Xo <= Ty (1) M

PW (X0):= X (t)

as the parallel transport of Xy along 7 to Ty () M . Thus we obtain a
mapping from

TY(tO)MtOTY(t)M )

14.4 GAUSS MAP

In differential geometry , the Gauss map ( named after Carl F . Gauss )
maps a surface in Euclidean space R® to the unit sphere S? . Namely ,
given a surface X lying in R®, the Gauss map is a continuous

map N: X — S? such that N ( p ) is a unit vector orthogonal to X at p
namely the normal vector to X atp .

The Gauss map can be defined ( globally ) if and only if the surface

is orientable , in which case its degree is half the Euler characteristic .
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Notes
The Gauss map can always be defined locally (i . e . on asmall piece of

the surface ) . The Jacobian determinant of the Gauss map is equal
to Gaussian curvature , and the differential of the Gauss map is called

the shape operator .
Gauss first wrote a draft on the topic in 1825 and published in 1827 .
There is also a Gauss map for a link , which computes linking number .

The Gauss map can be defined for hypersurfaces in R" as a map from a
hypersurface to the unit sphere " ' € R".

For a general oriented k - submanifold of R" the Gauss map can also be
defined , and its target space is the oriented Grassmannian G  ,,1i.¢€.
the set of all oriented k - planes in R" . In this case a point on the
submanifold is mapped to its oriented tangent subspace . One can also
map to its oriented normal subspace; these are equivalent as Gk n = Gp -k,
n Via orthogonal complement . In Euclidean 3 - space , this says that an
oriented 2 - plane is characterized by an oriented 1 - line , equivalently a
unit normal vector (as G; , = S" 1), hence this is consistent with the
definition above .

Finally , the notion of Gauss map can be generalized to an oriented
submanifold X of dimension k in an oriented ambient Riemannian
manifold M of dimension n . In that case , the Gauss map then goes
from X to the set of tangent k - planes in the tangent bundle TM . The
target space for the Gauss map N is a Grassmann bundle built on the
tangent bundle TM . In the case where M=R" the tangent bundle is
trivialized ( so the Grassmann bundle becomes a map to the

Grassmannian ) , and we recover the previous definition .

14.5 HELIX

A helix plural helixes or helices is a type of smooth space curve ,i.e.a
curve in three dimensional space . It has the property that the tangent

line at any point makes a constant angle with a fixed line called the axis .
Examples of helices are coil springs and the handrails of spiral staircases
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. A "filled - in" helix — for example , a "spiral™ ( helical ) ramp — is called
a helicoid . Helices are important in biology , as the DNA molecule is
formed as two intertwined helices , and many proteins have helical
substructures , known as alpha helices . The word helix comes from

the Greek word twisted , curved

Helices can be either right - handed or left - handed . With the line of
sight along the helix’s axis , if a clockwise screwing motion moves the
helix away from the observer , then it is called a right - handed helix; if
towards the observer , then it is a left - handed helix . Handedness (

or chirality ) is a property of the helix , not of the perspective: a right
handed helix cannot be turned to look like a left - handed one unless it is

viewed in a mirror , and vice versa .

Most hardware screw threads are right - handed helices . The alpha helix
in biology as well as the A and B forms of DNA are also right - handed
helices . The Z form of DNA is left Handed .

The pitch of a helix is the height of one complete helix turn , measured

parallel to the axis of the helix .

A double helix consists of two ( typically congruent ) helices with the

same axis , differing by a translation along the axis .

A conic helix may be defined as a spiral on a conic surface , with the
distance to the apex an exponential function of the angle indicating
direction from the axis . An example is the Corkscrew roller coaster

at Cedar Point amusement park .

A circular helix, (i.e . one with constant radius ) has constant

band curvature and constant torsion .

A curve is called a general helix or cylindrical helix™ if its tangent
makes a constant angle with a fixed line in space . A curve is a general

helix if and only if the ratio of curvature to torsion is constant . !

Geometric pitch is the distance an element of an airplane propeller would
advance in one revolution if it were moving along a helix having an
angle equal to that between the chord of the element and a plane
perpendicular to the propeller axis .
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Notes
A curve is called a slant helix if its principal normal makes a constant

angle with a fixed line in space . It can be constructed by applying a

transformation to the moving frame of a general helix .

Some curves found in nature consist of multiple helices of different

handedness joined together by transitions known as tendril perversions .

In mathematics , a helix is a curve in 3 - dimensional space . The
following parametrisation in Cartesian coordinates defines a particular

helix , Perhaps the simplest equations for one is

As the parameter t increases , the point (x (t),y (t),z(t)) tracesa
right - handed helix of pitch 2z ( or slope 1) and radius 1 about the z -
axis , in a right - handed coordinate system .

In cylindrical coordinates (r, 0, h), the same helix is parametrised by
A circular helix of radius a and slope b / a (or pitch 2zb ) is described by
the following parametrisation: Another way of mathematically
constructing a helix is to plot the complex - valued function e* as a
function of the real number x ( see Euler's formula ) . The value of x and
the real and imaginary parts of the function value give this plot three real
dimensions . Except for rotations , translations , and changes of scale , all
right - handed helices are equivalent to the helix defined above . The
equivalent left - handed helix can be constructed in a number of ways ,

the simplest being to negate any one of the x , y or z components .

Maps and Functions

The notation

f: XY

means that f is a function which assigns to every point x in the set X a
point f (x ) inthe set Y . When Y =r we express this by saying that f is
a real valued function defined on the set X and if Y is a vector space we
may say that f is a vector valued function . However in general it is
better to say that f is a map from X to Y and call the set X the source of

the map and the set Y its target . The graph of f is the set
graph (f):={(x,y)eXxY|y=f(x)}.
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Notes
We always distinguish two maps with the same graph when their targets

are different .
A map f: XY issaid to be
injective "| (f(xi)="f(x2)="xi=x2

surjective > iff <Vye Y3xe Xs.t.y=f(x) bijective

J [ it is both injective and surjective
Then
(@) fisinjective ithasaleftinverseg: YA X (i.e.gof=idy
)

(b) fissurjectiveithasarightinverseg: YA X (i.e.fog=idy);
(c) fisbijective it has atwo sided inverse f'!: Y~ X.
( Item (b) is the Axiom of Choice .)

The analogous principle holds for linear maps: if A e r™" then the

linear map r" A r™ : x A Ax is

(a) injective BA =1, for some B e I'™™;
(b) surjective AB = 1, for some B e r™™;
(c) bijective Aisinvertible (i.e.m=nanddet (A) =
0).
( Here 1& is the k x k identity matrix . ) However , this principle fails
com - pletely for continuous maps: the map f : [0, 2n ) ~ S* defined by f
(0)=(cos0,sin0) is continuous and bijective but its inverse is not

continuous . ( Here S' C r?is the unit circle x> +y?=1.)

14.6 NORMAL FORMS

The Fundamental Idea of Differential Calculus is that near a point xo e
U a smooth map f: U~ V behaves like its linear approximation ,i.e.

f(x)f(x0)+df(x0)(x-x0).
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The Normal Form Theorem from Linear Algebra says that if A e r'™" has

rank r then there are invertible matrices P e R™™ and Q e r™" such that

I;—lAQ o ( 1]." Drx(n—*r‘) ) )

O(m—'r) T O(m—'r‘) x{n—r)

By the Fundamental Idea we can expect an analogous theorem for

smooth maps .

Theorem ( Local Normal Form for Smooth Maps ) . LetU Cr"
and V Cr™beopen,xoe U ,and f:U"V be smooth . Assume that
the derivative df ( xo ) e R™" has rank r . Then there is an open
neighborhood Uy of X in U, an open neighborhood Vo of f (X0 ) inV , a
diffeomorphism f: Uix U2 C r' x r" ", a diffeomorphism $ : VO ” Ui x
V2Cr' xr™ " suchthatf(xo)=(0,0),$(f(%))=(0,0),and

D'ofof(x,y)=(x,g(x,y))anddg(0,0)=0
for(x,y)eUixU2.

The Local Normal Form Theorem is an easy consequence of the

Inverse Function Theorem .
( Inverse Function Theorem ) . LetUC ",V C ",

Xo EUand f: U™V beasmoothmap . If df (Xp) is invertible , then
( m = n and) there are neighborhoods Ug of Xo in U and Vo of f (Xp)

in V so that the restriction fly, : Ug ™ Vo is a diffeomorphism .

Here follow some other consequences of the Inverse Function

Theorem .

Corollary ( Submersion Theorem ) . When r = m the diffeomorphisms f
and f in Theorem A may be chosen so that the local normal form is

f lofof(x,y)=x.

Corollary ( Immersion Theorem ) . When r = n the diffeomorphisms f

and f in Theorem may be chosen so that the local normal form is
f lofof(x)=(x,0).

Corollary ( Rank Theorem ) . Iftherank of df ( x ) = r forall x E
U
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then for every xo E U the diffeomorphisms f and f in Theorem may be

chosen so that the local normal form is

flofof(x)=(x,0).

Corollary ( Implicit Function Theorem ) . LetU Cr™ x r" be
anopen set, let F : U~ r" be smooth , and let ( Xo , Yo ) E U with

Xo ErMand yo E r" . Define the partial derivative d,F (Xo , Yo ) E r'™" by
d,F (x0, yo)v:=—t=0

for v Er". Assume that F (Xo, Yo ) =0 and that d,F (Xo, Yo) is
invertible . Then there exist neighborhoods Uy of Xo in r™ and V of yg in

r" and a smooth map g : Ug » V, such that
UoxVOCU , g (x0)=y0

and
F(x,y)=0 y=9g(x)forxEUgandyE Vg.

Flat Spaces

Our aim in the next few sections is to give applications of the Cartan -
Ambrose - Hicks Theorem . It is clear that the hypothesis T*R = R’ for
all developments will be difficult to verify without drastic hypotheses on
the curvature . The most drastic such hypothesis is that the curvature

vanishes identically .

Definition . A Riemannian manifold M is called flat if the Riemann

curvature tensor R vanishes identically .

Theorem . Let M C r" be a smooth m - manifold .

(i) Misflat if and only if every point has a neighborhood which is
isometric to an open subset of r™ , i . e . at each point p e M there
exist local coordinates x* , . . ., X™ such that the coordinate
vectorfields Ei = d / dx' are orthonormal .

(i) Assume M is connected , simply connected , and complete . Then
M is flat if and only if there is an isometry [ : M ~ ™ onto

Euclidean space .

Exercise . For b >a > 0 and ¢ > 0 define M C ¢® by




Notes
M:={(u,v,w)ec’\|[u=a,|vJ=b,w=cuv}.
Then M is diffeomorphic to a torus ( a product of two circles ) and M is
flat . If M is similarly defined from numbers b >a >0 and ¢ > 0 then
there is an isometry $: M~ M'ifand only if (a,b,c)=(a",b",c"),1i.
e.M=M'". (Hint: Each circle u = ug is a geodesic as well as each circle
v = Vvo0; the numbers a, b, ¢ can be computed from the length of the
circle u = ug , the length of the circle v = vq , and the angle between them

-)

Exercise ( Developable manifolds ) . Letn=m+ 1andletE (t) bea
one - parameter family of hyperplanes in r" . Then there exists a smooth

map u : r ~ r" such that
E(t)=u,(t)", Ju(t)l=1,

for every t. We assume that U (t) =0 for every tsothatu (t) and U (t

) are linearly independent . Show that
L(t):=u,(t)* nU(t)*=limE(t)nE(s).
s™M

Thus L (t) is a linear subspace of dimensionm — 1. Now let 7 : r A 1"

be a smooth map such that
(Af(t),u(t)) —o (Af(t),u(t)):o

forallt. Thismeansthat 7 (t)GE (t)and Y (t)G L (t);thusE(t)
is spanned by L (t)and Y (t).FortGrand e > 0 define

L(t)«=:={vGL(t)]||v|]<e}.

Let I ¢ r be a bounded open interval such that the restriction of 7 to the

closure of I is injective . Prove that , for e > 0 sufficiently small , the set
Mo = U (7(t)+ L(t),\)

is a smooth manifold of dimension m =n— 1. A manifold which arises
this way is called developable . Show that the tangent spaces of My are

the original subspacesE (t),i.e.

TpMO=E(t)forpG7(t)+L (t) <.
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( One therefore calls Mg the "envelope™ of the hyperplanes 7 (t) + E (t

) .) Show that My is flat ( hint: use GauB - Codazzi ) . If (T,7,7")isa
development of Mg along r'™ , show that the map 0 : Mo A 1™, defined by

0(7(t)+Vv):=Y' (t)+T(t)v

forv G L (t)e, isanisometry onto an openset MO cr™ . Thus a
development "unrolls" Mg onto the Euclidean space r™ . When n = 3 and

m = 2 one can visuali M ¢ r™**

and a curve Y : r » M we may form the osculating developable My to M

along y by taking

)y=TY (t) M.
This developable has common affine tangent spaces with M along 7 as
T (1) Mo=E(=T (1) M

for every t. This gives a nice interpretation of parallel transport: My may
be unrolled onto a hyperplane where parallel transport has an obvious
meaning and the identification of the tangent spaces thereby defines

parallel transport in M .

Exercise . Each of the following is a developable surface in r° .

(i) AconeonaplanecurvercH,i.e.
M={tp+(1-t)q|l>0,qer}

where H ¢ r* is an affine hyperplane ,per\H ,andrcHisa1l -

manifold .
(i) A cylinder on a plane curver ,i.e.
M={g+tv|ger,ter}

where Hand rare asin (i) and v is a fixed vector not parallel to H . (

This is a cone with the cone point p at infinity . )
(i)  The tangent developable to a space curve 7:r2r i . e.

M={y(t)+sY(t)]||t-to]<e,0<s<e},
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wherey (to) and Y (to ) are linearly independent and e > 0 is

sufficiently small .

(ivy  The paper model of a Mobius strip

Symmetric Spaces

In the last section we applied the Cartan - Ambrose - Hicks Theorem in
the flat case; the hypothesis $*R = R' was easy to verify since both sides
vanish . To find more general situations where we can verify this
hypothesis note that for any development ($, 7, 7') satisfying the
initial conditions 7 (0) =po, Y'(0)=p'o,and $ (0) = $, we have
$(t)=(t,0)3%0%y (0, 1t)so that the
hypothesis $*R = R' is certainly implied by the three hypotheses

sy (1, 9*fpa Ry (1)
(1,9 Rpo = Ry> (1)
($0)*Rp0 - Rp'O .
The last hypothesis is a condition on the initial linear isomorphism
$0° "po MATp /o M

while the former hypotheses are conditions on M and M' respectively ,
namely , that the Riemann curvature tensor is invariant by parallel trans -
port . It is rather amazing that this condition is equivalent to a rather

simple geometric condition as we now show .

Symmetric Spaces

Definition . A Riemannian manifold M is called symmetric about
the point p e M if there is a ( necessarily unique ) isometry f : M~ M

satisfying
f(p)=P,df(p)=-id.

M is called a symmetric space if it is symmetric about each of its points .
A Riemannian manifold M is called locally symmetric about the point p

e M if, for r > 0 sufficiently small , there is an isometry

f:U(p,M)*Ur(p, M), U (p,M):={qgeM]|d (
P.q)<r},
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satisfying M is called a locally symmetric space if it is locally symmetric

about each of its points .

Remark if M is locally symmetric , the isometry f: U, (p, M)~ U, (p,
M) withf(p)=panddf (p)=-idexists whenever 0 <r<inj(p).

Exercise . Every symmetric space is complete . Hint: If 7: "M is a
geodesicand 0 : M~ M is a symmetry about the point 7 ( to)

for tg <=1then

00y (g + N =7(to"

Oforall t <=rwithty+1 ,ty—t<=1.

Theorem . Let M c r" be an m - dimensional submanifold . Then the

following are equivalent .

(i) Mis locally symmetric .
(ii) The covariant derivative VR ( defined below ) vanishes identically ,
i.e.
(VR) p (vi,
V2)w =0 forall p<=M andv,v;,
Vo, w<=T,M.
(iii) The curvature tensor R is invariant under parallel transport , i .e.

$:(U's)* (s) =Ry (1)
for every smooth curve 7:r*Mandall s , t <=r.

Corollary . Let M and M' be locally symmetric spaces and fix two
points po <= M and p'o <= M', and let $,: Tpo M~ T, M' be an
orthogonal linear isomorphism . Let r >0 be less than the
injectivity radius of M at po and the injectivity radius of M" at
P'o . Then the following holds .

(i) Thereisanisometry 0 : Uy ( po, M)~ U: (p'o
, M" ) with 0 (po)=p0andd0 (po) =29 if and only

if $o intertwines R and R":
($0*Rpo =Reo .

(i) Assume M and M are connected , simply connected

, and complete . Then there is an isometry 0 : M M’
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with 0 (po) =p'oand dO (po) = Ty if and only if Ty
Proof . In (i) and (ii ) the "only if" statement follows from Theorem (
Theorem Egregium ) with T :=d0 ( po ) . To prove the "if" statement ,
let ($,7,7)beadevelopment satisfying 7 (0) =po, Y'(0)=p’, and
T(0)=T,.Since R and R’ are invariant under parallel transport , by
Theorem it follows from the discussion in the beginning of this section
that T*"R =R".

Corollary . A connected , simply connected , complete , locally

symmetric space is symmetric .
Proof . Corollary with M'=M , p'o =po, and To=-id.

Corollary . A connected symmetric space M is homogeneous; i . e.
given p , geM there exists an isometry f: MM with f(p
)=4 .
Proof . If M is simply connected the assertion follows from part (ii ) of
Corollary withM =M",po=p,p0=qg,and To=%;(1,0): T,M~
TqM , where 7 : [0, 1] * M is a curve from p to q . If M is not simply
connected we can argue as follows . There is an equivalence relation on
M defined by

p~q: 3isometryf:M*"M7f(p)=q.
Letp, ge M andsupposethatd (p,q) <inj(p).By Theorem there is
a unique shortest geodesic 7 : [0, 1] » M connecting p to q . Since M is
symmetric there is an isometry f : M~ M such thatf (q(1/2))=vy(1/
2)anddf (Y (1/2))=-id. This isometry satisfiesf (q(t))=7(1
—t)and hencef(p)=q.Thusp~qwheneverd(p,q)<inj(p).
This shows that each equivalence class is open , hence each equivalence
class is also closed , and hence there is only one equivalence class

because M is connected .

Check your Progress 1

Discuss The e Frenet - Serret formula
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Discuss Normal Forms

14.7 LET US SUM UP

In this unit we have discussed the definition and example of The Frenet -
Serret Formulas , Parallel Translation , Gauss Map , Helix , Normal

Forms .

14.8 KEYWORDS

The Frenet - Serret Formulas ..... consider smooth curves given by a
parametric equation in a three - dimensional space . That is , writing bold

- face letters of vectors in three dimension

Parallel Translation ..... Let M be a manifold with a connection , and 7: |

M be an immersed curve .

Gauss Map ..... the Gauss map ( named after Carl F . Gauss ) maps

a surface in Euclidean space

Helix ..... A helix plural helixes or helices is a type of smooth space

curve, i.e.acurve in three - dimensional space

Normal Forms..... The Fundamental Idea of Differential Calculus is that
near a point xo e U a smooth map f: U ~ V behaves like its linear

approximation

14.9 QUESTIONS FOR REVIEW

Explain The Frenet - Serret Formulas , Normal Forms
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https://en.wikipedia.org/wiki/Carl_Friedrich_Gauss
https://en.wikipedia.org/wiki/Surface_(topology)
https://en.wikipedia.org/wiki/Euclidean_space
https://en.wikipedia.org/wiki/Differentiable_manifold
https://en.wikipedia.org/wiki/Space_curve
https://en.wikipedia.org/wiki/Space_curve
https://en.wikipedia.org/wiki/Three-dimensional_space

14.10 SUGGESTED READINGS

Differential Geometry, Differential Geometry &  Application,

Introduction to Defferential Geometry, Basic of Differential Geometry.

14.11 ANSWERS TO CHECK YOUR
PROGRESS

The Frenet - Serret Formulas , Normal Forms

( answer for Check your Progress -1Q )
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